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Abstract
The following work analyses two pricing techniques used to de-
tect the costs of different hedging strategies based on Interest
Rate Options. Both techniques, namely Black’s formula for Caps
and Floors and Monte Carlo Option Pricing are developed under
the common framework of the Libor Market Model and are ap-
plied, respectively, to a case study on the pricing of an IRS with
Collar option and to the case of an Insurance Company with the
aim to price the guarantees embedded in its contracts with the
use of Scenario files from a Stochastic Economic Scenario Gen-
erator (ESG) Software. This latter experience is the result of
an internship within the Life Risk & Capital Analysis Operative
Business Unit of the Zurich Insurance Group in Milan.
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Chapter 1
Introduction
“. . . derivatives are financial weapons of mass destruction. . . ”
— Warren Buffett, Berkshire Hathaway CEO
Hedging means taking a risky position that offsets an existing position
that is already exposed to risk. In today’s global economy and evolving
financial markets, businesses are increasingly exposed to a variety of risks,
which, if unmanaged or not hedged, can have major impacts on earnings
or even threaten an entity very existence. Derivative Financial Instruments
have become the key tools to manage or hedge the increasing exposure to
risk. Properly used they serve as a form of “insurance” and if an entity is
exposed to a substantial risk and does not hedge it, it is indeed taking a
gamble. Moreover, if a derivative is used improperly, it can be a huge gamble
itself. As a rule of thumb when assessing the ”convenience” of a derivative
financial instrument, the accuracy of the pricing technique becomes crucial.
Among all the risky factors, the interest rate volatility (i.e. interest
rate risk) is becoming a common threat and entities are looking for hedging
strategies able to offset it. In this view, the use of Interest Rate Options
is growing not only between Enterprises but also between Regional Govern-
ments/Local Public Bodies which, in most cases, seem to be unaware of the
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”derivative gamble”.
The case of the Province of Pisa is interesting in this regard.
In 2007 the Italian local public body of Pisa (henceforth ”Pisa”) issued
a “bullet” bond1 and entered into related swap transactions with the banks
Depfa and Dexia (together, the “Banks”) under the International Swaps and
Derivatives Association Master Agreement (i.e. ISDA). In 2009 Pisa exer-
cised a power of self-redress, resolving to cancel, with retrospective effect,
the decisions pursuant to which it had entered into the swaps. Pisa asserted
that the swaps did not satisfy the “cost-effectiveness test” required by Art
41 of law 28 December 2001 no 448 (the“Art 41 Test”), which authorises
public entities, upon satisfaction of certain conditions, to enter into swap
transactions. Pisa relied on the presence of “implicit costs” (costs related
to the swap transaction borne by Pisa and not disclosed by the Banks) as a
reason for exercising its power of self-redress.
In 2010 the Italian Supreme Administrative Court issued a preliminary
decision appointing a technical expert from the Bank of Italy2 and stating its
own jurisdiction over the dispute concerning the validity of the self-redress
decision by which Pisa cancelled the Swaps on the ground of the alleged
violation of Article 41 of Law Decree 448 of 28/12/2001 (Article 41).
On the 27 th of November 2012 the Supreme Court issued the final
decision, that have proved to be a landmark in the long running dispute
between banks and local authorities in Italy on the validity of derivative
contracts purchased to hedge the interest rate risk affecting Regional Gov-
ernments variable-rate debts. The decision was that, contrary to the self-
redress of Pisa, the Swaps were not in violation of Article 41 and that there
was no obligation on the Banks to disclose the financial components of the
price of the derivative transactions. In fact, prior to the implementation in
1”Bullet ” is used as synonymous to ”Plain Vanilla”.
2The expert was Roberto Angeletti.
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Italy of MiFID (2004/39/EC) 3, Pisa had validly declared herself a “Pro-
fessional Client” and the Banks were not required to give her all relevant
pre-contractual informations (such as the costs which Pisa considered to be
“implicit ”). Pisa was therefore at liberty to seek such informations from
the Banks and/or seek the assistance of an expert in order to evaluate such
quantities.
More conscious of the ”derivative gamble” are, indeed, the enterprises
or firms affected by this kind of risk, above all the Insurance Companies.
They cannot even buy derivatives for hedging purposes but only use them
as a tool for Risk Management: e.g. to value liability cashflows4 and to
get best estimates for the costs of the guarantees embedded in insurance
contract as they are common everywhere in the world. In this view, prici-
ple 5.6 of the Draft Standard of Principles (DSOP), which is the working
document for valuing insurance contracts under the new International Ac-
counting Standards (IAS), states that such guarantees should be valued in
a manner consistent with option-pricing techniques and therefore based on
Market Consistent and Risk Neutral Stochastic Economic Scenarios5.
Insurance Companies offer to the market a wide variety of products with
such guarantees, most of them are Guaranteed Investment Return Policies
(i.e. Profit sharing rules). They are rather interest rate sensitive and may
cause structural solvency weakness but are also very attractive for policy-
holders as they give a secured floor in difficult circumstances, upside partic-
ipation if markets perform well and the ability to cash out on fixed terms if
more attractive returns are available elsewhere. Since ”someone must pay
for these benefits”, these costs are valued through the pricing of an hedging
3The Markets in Financial Instruments Directive 2004/39/EC (known as ”MiFID”) is
a European Union law that provides harmonised regulation for investment services across
the 31 member states of the European Economic Area.
4Liability cashflows are valued through the use of replicating portfolios.
5As will be underlined, the use of Market Consistent and Risk Neutral Stochastic
Scenarios is required because of the complexity of Insurance Contracts cashflows which
cannot be trated analytically.
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derivative able to replicate the ”extra-benifit” given to the insured person.
In light of these considerations, the scope of this work is to show how to
perform the pricing of the interest rate hedging derivative in ”both sides of
the gamble”.
It deals with two benchmark cases. The first is the case of the Province
of Pisa in which the derivative is bought to ”insure” the buyer against the
risk he/she is exposed to. The second one is the case of the Zurich Insurance
Company in which derivatives are used only as a tool for risk valuations.
Towards this aim, Chapter 2 gives an overview of the theory of Interest Rate
Derivatives Pricing; Chapter 3 presents the common theoretical framework
provided by the Libor Market Model and the derivation of the Black’s for-
mula for Caps/Floors options in accordance with this model; Chapter 4
goes into details of the Province of Pisa case by describing its main features
and by finding the fair price of the derivative with the use of Market Data
and Black’s formula as presented in Chapter 3; Chapter 5 underlines the
reasons why Insurance Enterprises need stochastic modeling and in particu-
lar stochastic simulation schemes (i.e. Monte Carlo method) to value their
guarantees; Chapter 6 presents the Economic Scenario Generator which is
at the heart of stochastic simulation (tests of Market Consistency and Risk
Neutrality are performed to check if scenarios are fit for purpose); Chapter
7 shows Zurich’s management of the guarantees, in particular the analysis
of the segregated fund VIS show how interest rate risk affects the portfolio
composition of the company and Chapter 8 goes into details of the pricing
of the interest rate options hedging the guarantees with profit sharing rule (
it presents two cases: the case of a fixed premium policy and that of a single
premium one with surrender option). Final conclusions follow in Chapter 9.
14
Chapter 2
Interest Rate Derivatives
Pricing
2.1 Basic definitions and zero-coupon curve
Consider a filtered probability space (Ω,Ft, P ) where Ω is the set of possible
outcomes, Ft : 0 ≤ t ≤ T is the natural filtration and P is the probability,
a normalized, non negative measure on the events. Define B(t) as the value
of a Money-market account1 (or ”Bond”) at a time t ≥ 0. Assume B(0) = 1
and that it evolves according to the following stochastic differential equation:
dB(t) = r(t)B(t)dt, (2.1)
where r(t) is a positive stochastic process adapted to the filtration. As a
consequence:
B(t) = exp
(∫ t
0
r(s)ds
)
. (2.2)
Equation (2.2) says that investing a unit amount at time 0 yields the value
1The notation used throughout this chapter and in the largest part of this work, but for
some ”empirical variables/indices” as shall be underlined, is taken from the book Interest
Rate Theory and Practice, Damiano Brigo and Fabio Mercurio. Ref [8].
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B(t) at time t, where r(t) is the instantaneous rate at which the bank account
accrues. It is also referred to instantaneous spot rate, or briefly as short rate.
By taking the ratio between B(t) and B(T ) is possible to derive the
(stochastic) discount factor D(t, T ) between two instants of time t and T :
D(t, T ) =
B(t)
B(T )
= exp
(
−
∫ T
t
r(s)ds
)
. (2.3)
It is the amount at time t that is equivalent to one unit of currency payable
at time T. The probabilistic nature of r(t) is important since it affects the
valuation of the Bank account B(t). In many applications and when applying
the Black & Scholes formula, r(t) is assumed to be a deterministic function
of time, so that both equation (2.2) and equation (2.3) are deterministic
functions of time.
The risk neutral measure associated with the numerarire B(t) is de-
noted by Q. To go further, we recall the risk neutral valuation paradigm as
stated by the FTAP (Fundamental Theorem of Asset Pricing).
Proposition 1. A future stochastic payoff HT , built on an underlying fun-
damental price process and paid at a future time T , has a unique time-t fair
value2 which is the risk neutral expectation of its future discounted payoff
conditional on the natural filtration Ft. That is:
P (t)
B(t)
= P˜ (t) = EQt
[
HT
B(T )
]
. (2.4)
Where P (t) is the time-t price process, EQt is the Q-expectation conditional
to the natural filtration Ft and P˜ (t) is a Q−martingale since for each
t ≤ t1 ≤ t2 ≤ T holds:
P˜ (t1) = E
Q
t
[
P˜ (t2)
]
.
2The underlying assumption is that of completeness of the Financial Markets.
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After simple computations equation (2.4) reads:
P (t) = EQt [D(t, T )HT ] . (2.5)
A special case of the valuation formula (2.5) is when HT = 1. This gives
the price of a Zero-Coupon Bond.
In fact, a T -maturity zero-coupon bond (pure discount bond) is a con-
tract that guarantees its holder the payment of one unit of currency at time
T,with no intermediate payments. The contract value at time t < T is
denoted by P (t, T ) and given by the following equation:
P (t, T ) = EQt
[
B(t)
B(T )
P (T, T )
]
= EQt [D(t, T )] . (2.6)
A natural question arises: what is the relationship between the discount fac-
tors D(t, T ) and P (t, T )?. The answer is simple: if rates r are deterministic,
then D is deterministic as well and necessarily D(t, T ) = P (t, T ) for each
pair (t, T ). However, if rates are stochastic, D(t, T ) is a random quantity
at time t depending on the future evolution of rates r between time t and
time T. Instead, the zero-coupon bond price P (t, T ), being the time-t value
of a contract with payoff at time T , has to be known (i.e. deterministic) at
time t. Further, D(t, T ) = P (t, T ) under the T-forward measure QT 3. Notice
that all kind of rates can be expressed in terms of zero-coupon bonds and
viceversa. In fact, they can be used as fundamental quantities in finance.
The spot-Libor rate at time t for maturity T , denoted by L(t ,T ), is a
simply-compounded rate and is typically linked to zero-coupon-bond prices.
It represents the constant rate at which an investment has to be made to
produce an amount of one unit of currency at maturity T starting from
P (t, T ) units at time t. In formulas:
3This topic will be soon introduced.
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P (t, T ) (1 + (T − t)L(t ,T )) = 1 (2.7)
Solving for L(t ,T ) one gets:
L(t ,T ) =
1− P (t, T )
(T − t)P (t, T ) . (2.8)
A further compounding method that is considered beyond the simple one is
the annual compounding. Annual compounding is obtained by keeping on
reinvesting for n years one unit of currency at the simply-compounded rate
Y :
P (t, T )
(
1 + Y (t, T )T−t
)
= 1. (2.9)
Analogously, solving for Y (t, T ), it is possible to derive the annually-compounded
spot interest rate prevailing at time t for maturity T as follows:
Y (t, T ) =
1[
P (t, T )
1
T−t
] − 1. (2.10)
Notice that from equation (2.9) it is easy to see that bond prices can be
expressed in terms of annually-compounded rates as:
P (t, T ) =
1[
(1 + Y (t, T ))
1
T−t
] . (2.11)
A fundamental curve that can be obtained from Zcb’s market prices is the
Zero-coupon curve (or ”yield curve”). This function maps maturities into
rates for a given time t:
T ⇒

L(t ,T ) if t ≤ T ≤ t+ 1
Y (t, T ) if T > t+ 1.
(2.12)
Such a zero-coupon curve is also called the term structure of interest rates. It
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is a plot of simply-compounded interest rates for all maturities T up to one
year and of annually compounded rates for maturities T larger than one year.
It is usually monotonic also if experience teaches that an inverted behavior
is possible. Attention has to be paid because the term ”yield curve” is often
used to denote different curves. They are built from either prices available in
the bond market or in the money market. Whilst the yield curves built from
the bond market use prices only from a specific class of bonds (for instance
bonds issued by the government), yield curves built from the money market
use prices of ”cash” from today’s Libor rates, which determine the ”short
end” of the curve (i.e. for t ≤ 6m), futures which determine the midsection
of the curve (6m ≤ t ≤ 15m) and interest rate swaps which determine the
”long end” (1y ≤ t ≤ 60y)4.
2.2 Products not depending on the curve dynam-
ics: FRA and IRS
A forward-rate agreement (FRA) is a contract involving three time instants:
the current time t, the delivery time S > t and the maturity T > S. The
contract gives its holder an interest-rate payment for the period between
S and T. At the maturity T , a fixed payment based on the spot rate K
is exchanged against a floating payment based on the spot rate L(S ,T )
resetting in S and with maturity T. This contract allows one to lock-in
the interest rate between times S and T at a desired value K, with the
rates in the contract that are simply compounded. Formally at time T the
receiver FRA gets (T − S)KN units of currency and pays out the amount
(T−S)L(S ,T )N, where N is the contract nominal value (the opposite holds
for a payer FRA). The value of the contract in T is therefore:
4Where m stands for ”months” and y for ”years”.
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(T − S)N(K − L(S ,T )), (2.13)
where equation (2.13) lies on the assumption that both rates have the same
day count convention. By static no-arbitrage arguments one can find the
receiver FRA price by taking the conditional risk neutral expectation in the
following way:
FRA(t, S, T,N, δ,K) = EQt [δD(t, T )N (K − L(S ,T ))] , (2.14)
Where (T − S) has been substitued by a year fraction δ. With simple cal-
culations and exploiting the properties of conditional expectation, equation
(2.14) reads:
FRA(t, S, T,N, δ,K) = N [P (t, T )δK − P (t, S) + P (t, T )] . (2.15)
Note that this derivation does not require any modeling assumption on the
dynamics of interest rates which can be considered deterministic, that is the
price of this contract does not depend on a risk neutral valuation since it is
perfectly replicable. There is just one value of K that renders the contract
fair at time t, i.e. such that the contract value is 0 in t. This value is obtained
by equating to zero the FRA value. The resulting rate defines the (simply
compounted) forward rate:
K = f (t ,S ,T ) :=
1
δ
(
P (t, S)
P (t, T )
− 1
)
. (2.16)
The above equation is thus the value of the fixed rate in a prototypical
FRA agreement with delivery S and maturity T that renders the FRA a
fair contract at time t. One can rewrite equation (2.15) in terms of equation
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(2.16) in the following way:
FRA(t, S, T,N, δ,K) = NP (t, T )δ(K − f (t ,S ,T )). (2.17)
Therefore, to value a FRA, one simply have to replace the Libor rate L(S ,T )
in the payoff (2.13) with the corresponding forward rate f (t ,S ,T ) and then
take the present value of this (deterministic) quantity5.
A generalisation of the FRA is the Interest-Rate Swap (IRS)6. A Forward-
start Interest Rate Swap (IRS) is a contract that exchanges payments be-
tween two differently indexed legs starting from a future time instant. One
of the two flows is called fixed leg and is made of periodic payments at a
fixed rate over a prespecified set of dates. The other one, the floating leg,
is so called because of its dependence from a benchmark floating rate (e.g.
the Libor) and is made of periodic payments at such rate.
The fixed leg, at every instant ti in a prespecified set of dates tα+1, ...., tβ,
pays out the amount:
NKδi, (2.18)
corresponding to a fixed interest rate K, a nominal value N and a year
fraction δi between ti−1 and ti.
The floating leg pays the amount:
NL(t i−1 , t i)δi, (2.19)
corresponding to the Libor interest rate L(t i−1 , t i) resetting at the previous
instant ti−1 for the maturity ti, with tα a given date. Clearly, the floating
leg resets at dates tα,tα+1, ...., tβ−1 and pays at dates tα+1, ...., tβ. Set Γ =
5Note that this derivation implies that EQt [D(t, T )L(S, T )] = P (t, T )f (t ,S ,T ). But
EQt [L(S, T )] 6= f (t ,S ,T ). The latter will be true only under a different probability mea-
sure, the so-called forward measure.
6IRS in arrears depend on the curve dynamics. In what follows we will deal with
standard IRS contracts.
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{tα, ....., tβ} for the set of dates and ∆ = {δα+1, ...., δβ} for the year fractions.
In this description fixed-rate payments and floating-rate payments occur at
the same dates and with the same day count convention. Indeed, a typical
IRS has a fixed leg with annual payments and a floating leg with quarterly
or semiannual payments. When the fixed leg is paid and the floating leg
is received the IRS is termed Payer IRS (Payer Forward-Start, i.e. PFS ),
whereas in the other case one has a Receiver IRS (Receiver Forward-Start,
i.e. RFS). The discounted payoff at a time t < tα of a PFS IRS can be
expressed as:
β∑
i=α+1
D(t, ti)Nδi(L(t i−1 , t i)−K). (2.20)
The discounted payoff at a time t < tα of a RFS IRS is:
β∑
i=α+1
D(t, ti)Nδi(K − L(t i−1 , t i)). (2.21)
Viewing this contract as a portfolio of FRAs, one can value each of them
through formula (2.17) or equation (2.15) and then add up the results as
follows:
RFS(t,∆,Γ, N,K) =
β∑
i=α+1
FRA(t, ti−1, ti, δi, N,K)
= N
β∑
i=α+1
δiP (t, ti)(K − f (t , t i−1, t i))
= −N
[
−P (t, tα) + P (t, tβ) +
β∑
i=α+1
δiP (t, ti)K
]
(2.22)
It is important to notice that the two legs of the IRS can be seen as two
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fundamental contracts. The fixed leg can be seen as a coupon-bond and the
floating leg as a floating-rate note. Therefore an IRS can be viewed as a
contract for exchanging the coupon bond for the floating rate note. Both
are defined below.
A coupon-bond is a contract that ensures payments at future times
tα+1, ...., tβ of the deterministic amount of currency (termed cash-flows)
c := {cα+1.....cβ} . Typically the cash flows are defined as ci = NδiK for
i < β and cβ = NδβK +N where N is the bond nominal value. Its current
value is the following:
CB(t,Γ, c) =
β∑
i=α+1
ciP (t, ti). (2.23)
In the case the fixed rate K = 0 the bond reduces to a zero-coupon bond
with maturity tβ.
A floating-rate note is a contract ensuring the payment at future times
tα+1, ...., tβ of the Libor rate resetting at the previous instants tα,tα+1, ...., tβ−1.
Moreover, the note pays a last cash flow consisting of the reimbursement of
the notional value of the note at the final time tβ. Its value is thus obtained
by changing sign to the above value of the RFS IRS with no fixed leg (i.e.
K = 0) and by adding to it the present value of the cash flow N paid at
time tβ. That is:
−RFS(t,∆,Γ, N, 0) +NP (t, tβ) (2.24)
As can be seen from equation (2.24) for all t = ti and for all i = α+1, ...., β−1
the value of the note is N. This is sometimes expressed by saying that ”a
floating-rate note always trades at par”7.
Analogously to what already seen for the fairness of the FRA contract,
the fairness of the IRS at time t requires the definition of the forward swap
7”Trades at par” means that the rate it pays coincides with the discounting rate.
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rate (i.e. the rate K for which the contract value is zero). Setting equation
(2.22) equal to zero and solving for K one gets:
K := Sα,β(t) =
P (t, tα)− P (t, tβ)∑β
i=α+1 δiP (t, ti)
(2.25)
The equation above shows that the swap rate is a function of the term
structure of interest rates and therefore can be easily derived from it through
a bootstrapping algorithm (and viceversa). Further it can be expressed in
terms of forward rates. In fact, dividing both numerator and denominator
of equation (2.25) by P (t, tα), the definition of the forward rate in terms of
Zcb’s prices implies for all k > α that:
P (t, tk)
P (t, tα)
=
k∏
j=α+1
P (t, tj)
P (t, tj−1)
=
k∏
j=α+1
1
1 + δif (t, tj−1, tj)
.
Formula (2.25) can then be written as:
Sα,β(t) =
1−∏βj=α+1 11+δj f (t,tj−1,tj)∑β
i=α+1 δi
∏β
j=α+1
1
1+δj f (t,tj−1,tj)
. (2.26)
The analysis continues by giving an overview of the derivative products
whose pricing strictly depends on the dynamics of the Term Structure of
interest rates, namely Caps, Floors and Swaptions.
2.3 Products depending on the curve dynamics:
Caps, Floors and Swaptions
A cap is a contract that can be viewed as a payer IRS where each exchange
payment is executed only if it has a positive value. The cap discounted value
is therefore given by:
β∑
i=α+1
D(t, ti)Nδi(L(t i−1 , t i)−K)+, (2.27)
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Where (x)+ = Max (x, 0) .
A floor instead is equivalent to a receiver IRS where each exchange
payment is done only if it has a positive value. Its discounted payoff is given
by:
β∑
i=α+1
D(t, ti)Nδi(K − L(t i−1 , t i))+. (2.28)
The cap contract can be used to prevent losses from large movements in
interest rates when indebted at a variable (Libor) rate, whereas the floor
contract can be used to prevent losses when one has lent at a variable rate.
They can be combined in a collar when one wishes to hedge himself/herself
against future increases/decreases of interest rates. For example one may
purchase a cap and sell a floor if he expects that rates will increase in the
future and viceversa if he expects that rates will decrease. The sale of the
relative floor/cap is carried out to reduce the cost of the hedging strategy.
A cap can be decomposed additively. Indeed, its discounted payoff is a
sum of terms of the form:
D(t, ti)Nδi(L(t i−1 , t i)−K)+. (2.29)
Each such term defines a contract that is termed caplet. The floorlet is
defined in the same way. However, even if separable, caps and floors have
non-linear payoffs in the underlying. This implies that, roughly speaking,
the current zero curve is not sufficient to value them but the whole dynamics
of future rates need to be specified.
It is market practice to price a cap with the following sum of Black’s
formulas at time t = 0:
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CapBlack(0,∆,Γ, N,K, σα,β) = N
β∑
i=α+1
P (0, ti)δiBL(K, f (0 , t i−1, t i), vi, 1).
(2.30)
Where BL(K, f , v, ω) is the core of the Black’s formula:
BL(K, f , v, ω) = f ωΦ(ωd1(K, f ,v))−KωΦ(ωd2(K, f , v)), (2.31)
d1(K, f ,v) =
ln( fK ) +
v2
2
v
,
d2(K, f , v) =
ln( fK )− v
2
2
v
,
vi = σα,β
√
ti−1,
with ω being either -1 or 1, Φ is the standard Gaussian cumulative distri-
bution function, and σα,β the common volatility parameter retrieved from
market quotes.
Analogously, the corresponding floor is priced according to the formula:
FlrBlack(0,∆,Γ, N,K, σα,β) = N
β∑
i=α+1
P (0, ti)δiBL(K, f (0 , t i−1, t i), vi,−1).
(2.32)
Both the Black formulas (2.30) and (2.32) have a formal derivation that will
be presented in Chapter 3.
Another class of basic derivatives whose payoffs strictly depend on the
interest rates dynamics is that of the swap options, commonly known as
swaptions. Also in this case there are two types of swaptions, a payer version
and a receiver version. A European payer swaption is an option giving the
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right to enter a payer IRS at a given future time, the swaption maturity
(usually it coincides with the first reset date of the underlying IRS). The
underlying-IRS length (i.e. tβ − tα) is called the tenor (the set of reset
and payment dates is called tenor structure). The discounted payoff of this
derivative can be computed by considering the value of the underlying payer
IRS at its first reset date tα, which is also the swaption maturity. In fact,
by changing sign to equation (2.22) one gets:
N
β∑
i=α+1
P (tα, ti)δi(f (tα, t i−1, t i)−K) (2.33)
The option is exercised only if the equation above has positive value, so that,
to obtain the swaption payoff at time tα, one has to apply the positive part
operator and discount from the maturity:
ND(t, tα)
(
β∑
i=α+1
P (tα, ti)δi(f (tα, t i−1, t i)−K)
)
+
. (2.34)
Unlike the cap and floor case, this payoff cannot be decomposed additively.
This constitutes a fundamental difference between the two derivatives. In
fact, one can deal with each caplet/floorlet separately, deriving results that
can be finally put together to obtain the cap/floor price. In this case only
marginal distributions of different forward rates are involved. This does not
hold for swaptions. From an algebraic point of view this is due to the fact
that the positive part operator, (....)+ is not distributive with respect to the
sum (i.e. the summation is inside it). Thus the joint distribution of rates is
fundamental in handling swaptions. This is the reason why they are difficult
to price.
However, like the cap/floor case it is market practice to value swaptions
with a Black-like formula. Precisely, the price of the above payer swaption
(at time zero) is:
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PSBlack(0,Γ,∆, N,K, σα,β) = NBL(K,Sα,β(0), σα,β
√
tα, 1)
β∑
i=α+1
δiP (0, ti),
(2.35)
where σα,β is now a volatility parameter quoted on the market that is dif-
ferent from the one used for the caps/floors case.
A similar formula is used for a receiver swaption which gives the holder
the right to enter, at a given time tα, a receiver IRS contract with payments
in Γ. Such a formula is:
RSBlack(0,Γ,∆, N,K, σα,β) = NBL(K,Sα,β(0), σα,β
√
tα,−1)
β∑
i=α+1
δiP (0, ti).
(2.36)
Where, again, BL is the core of the Black & Scholes formula and Sα,β(0) is
the at-the.money strike:
Sα,β(0) =
P (0, tα)− P (0, tβ)∑β
i=α+1 δiP (0, ti)
. (2.37)
Before passing to the Libor Market Model we introduce some Propositions
that will be of help for the lecture of the following Chapters.
Definition 1. The price of any asset divided by a reference positive non
dividend-paying asset (i.e. numeraire) is a martingale under the measure
associated with that numeraire.
Proposition 2. The time-t risk neutral price P (t):
P (t) = EQt
[
B(t)
HT
B(T )
]
is invariant by change of numeraire: That is, if N(t) is any other numeraire,
then:
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P (t) = ENt
[
N(t)
HT
N(T )
]
.
Where ENt is the time-t conditional expectation under the measure associated
to the numeraire N(t), QN . This holds for each possible numeraire.
The existence of a unique time t price is linked to the completeness of
Financial Markets. If markets are incomplete such a condition is not met,
since there are a set of possible time t risk neutral prices. In this case we can
say that there exists a one-to-one correspondence ψ(Q) between risk neutral
measures Q and risk neutral measures QN . That is:
QN = ψ(Q).
They give the same price to the derivative.
2.4 The Forward Measure
In many concrete situations a useful numeraire is the zero-coupon bond
whose maturity T coincides with that of the derivative to price. In such a
case, in fact, N(T ) = P (T, T ) = 1, so that pricing the derivative can be
achieved by calculating the expectation of its payoff without ”discounting
it”. The measure associated with the bond whose maturity is T is called T-
forward measure and is denoted byQT . Therefore, the price of the derivative
at time t is:
P (t) = P (t, T )ETt [HT ] , (2.38)
where 0 ≤ t < T and HT is the derivative payoff at time T.
The reason why QT is called forward measure is justified by the following
proposition.
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Proposition 3. Any simply-compounded forward rate spanning a time in-
terval ending in T is a martingale under the T−forward measure, i.e.,
ETu [f (t ,S ,T )] = f (u,S ,T ),
for each 0 ≤ u ≤ t ≤ S ≤ T. In particular, the forward rate spanning the
interval [S, T ] is the QT−expectation of the future simply compounded spot
rate at time S for maturity T, i.e.,
ET [L(S, T )| F t] = f (t ,S ,T ), (2.39)
for each 0 ≤ t ≤ S < T.
Proof. From the definition of a simply-compounded forward rate
f (t ,S ,T ) =
1
δ
[
P (t, S)
P (t, T )
− 1
]
,
one has:
f (t ,S ,T )P(t ,T ) =
1
δ
[P (t, S)− P (t, T )] .
Since P (t, S) and P (t, T ) are tradable assets, hence Q−prices, f (t ,S ,T )
is a Q−price too8. Thus when normalizing it by the numeraire P(t ,T ) it
has to be a martingale under QT on the interval [0, S] .
Modeling the f ′s as diffusion processes, follows that f (t ,S ,T ) has a
driftless dynamics under QT .
8See next Chapter on the assumptions of the LMM.
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Chapter 3
Introduction to LMM:
Derivation of the famous
Black’s formula
The Libor Market Model (LMM), also known as Lognormal Forward Li-
bor Model is one of the most popular interest rate models. The quantities
that are modeled are a set of forward rates (also called forward Libors)
which have the advantage of being directly observable in the market, and
whose volatilities are naturally linked to traded contracts (from here the
term ”Market Model”). The novelty, with respect to the standard Black
model, in which each rate has its own lognormal dynamic, is that the Libor
market model describes the dynamics of a whole family of forward rates
under a common probability measure. Before it was introduced, there was
no rigorous explanation compatible with Black’s formula for caps and floors.
The formulas were based on mimicking the Black & Scholes model for stock
options under some simplifying and inexact assumption on the interest-rates
distributions1.
1In what follows the benchmark rate will be the Euribor rate and not the Libor one.
This because the two rates have the same characteristics, the term ”Libor” being used
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In what follows it will be shown how caplets/floorlets can be priced in
agreement with Black’s formula thanks to the change-of-numeraire/change
of measure techniques.
3.1 The Model
Setting the model:
• t = 0 is the current time
• The set Γ = {tα, ....., tβ} of expiry-maturity dates is the tenor structure
with corresponding year fractions ∆ = {δα+1, ...., δβ}
• t−1 := 0
• The simply compunded forward interest rate resetting at its expiry
date ti−1 and with maturity ti f (t , t i−1, ti) is alive up to time ti−1
where it coincides with the spot Libor rate, f (t , t i−1, ti) = L(ti−1, ti),
for i = α+ 1, ......, β
• There exists an arbitrage-free market bond, where an equivalent mar-
tingale measure Q exists and the bond prices P (t, ti) are Q−prices, for
i = α+ 1, ......, β
• Qi is the equivalent martingale measure associated with the numeraire
P (t, ti), i.e. the ti−forward measure
• W i is the β−dimensional correlated Brownian Motion under Qi, with
correlation matrix ρ.
Definition 2. A discrete tenor Libor market model assumes that forward
rates have the following dynamics under their associated forward measure:
only for hystorical reasons. The two concepts are sometimes merged into the term ”Xibor
rate”
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df (t , t i−1, ti) = σi(t)f (t , t i−1, ti)dW
i
i (t), t ≤ ti−1,for i = α+ 1, ......, β
(3.1)
where σi is assumed to be deterministic and scalar, whereas dW
i
i (t) is the
i−th component of the Qi Brownian motion, hence is a standard Brownian
motion.
Proposition 4. (Forward measure dynamics). Under the assumptions of
the Libor Market Model, the dynamics of each fk := f(t, tk−1, tk), for k =
α+ 1, ......, β under the forward measure Qi with i ∈ [α+ 1, ......, β] , is:
dfk :=

−σk(t)fk(t)
∑i
j=k+1
ρk,jδjσj (t)fj(t)
1+δjfj(t)
dt+ σk(t)fk(t)dW
i
k(t) if k < i
σk(t)fk(t)dW
i
k(t) if k = i
σk(t)fk(t)
∑k
j=i+1
ρk,jδjσj (t)fj(t)
1+δjfj(t)
dt+ σk(t)fk(t)dW
i
k(t) if k > i
(3.2)
for t ≤ min [tk−1, ti] .
Proof. By assumption, there exist a Libor market model satisfying (3.1).
The objective is to determine the deterministic functions µik(t, f(t)) that
satisfy:
df k(t) = µ
i
k(t, f(t))fk(t)dt+ σk(t)fk(t)dW
i
k(t), k 6= i. (3.3)
To do that, one has to impose the change of measure fromQi toQk, imposing
the Qk− resulting drift being null. The Radon-Nikodym derivative of Qi−1
with respect to Qi at time t is given by:
dQi−1
dQi
=
P (t, ti−1)P (0, ti)
P (t, ti)P (0, ti−1)
=: λit,
in terms of forward rates:
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λit =
P (0, ti)
P (0, ti−1)
(1 + fi(t)δi).
Assuming (3.1), the dynamics of λi under Qi are:
dλit =
P (0, ti)
P (0, ti−1)
(1 + dfi(t)δi)
=
P (0, ti)
P (0, ti−1)
δiσi(t)fi(t)dW
i
i (t)
=
λit
1 + δifi(t)
δiσi(t)fi(t)dW
i
i (t).
Therefore, the density λit is in the form of an exponential martingale with
associated process γ, a null vector apart from the i−th component,
γ =
(
0...− δiσi(t)fi(t)
1 + δifi(t)
...0
)′
, (3.4)
so applying the formula on the change of drift with correlation:
dW i(t) = dW i−1(t)− ργdt,
with components
dW i(t) = dW i−1(t) + ρij
δiσi(t)fi(t)
1 + δifi(t)
dt,
inductively one gets:
dW ij (t) =

dW kj (t) +
∑i
h=k+1 ρ
ih δhσh(t)fh(t)
1+δhfh(t)
dt if k < i
dW kj (t)−
∑i
h=k+1 ρ
ih δhσh(t)fh(t)
1+δhfh(t)
dt. if k > i
Inserting this into (3.3) and equating the Qk−drift to zero, one has:
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k < i

fk(t)
(
µik(t, f(t)) + σi(t)
∑i
h=k+1 ρ
ih δhσh(t)fh(t)
1+δhfh(t)
)
dt = 0
µik(t, f(t)) = −σi(t)
∑i
h=k+1 ρ
ih δhσh(t)fh(t)
1+δhfh(t)
;
k > i

fk(t)
(
µik(t, f(t))− σi(t)
∑i
h=k+1 ρ
ih δhσh(t)fh(t)
1+δhfh(t)
)
dt = 0
µik(t, f(t)) = σi(t)
∑i
h=k+1 ρ
ih δhσh(t)fh(t)
1+δhfh(t)
.
3.2 Derivation of Black’s formula for caplets/floor-
lets
Consider the time−0 price of a t2−maturity caplet2 resetting at time t1
(0 < t1 < t2) with strike K and unitary notional amount (i.e. N = 1). At
time t2 such a contract pays out the amount:
(t2 − t1)(L(t1, t2)−K)+ = (t2 − t1)(f (t1, t1, t2)−K)+,
where L(t1, t2) is the Libor rate at time t1 for maturity t2 equal to the simply
compounded forward rate f (t1, t1, t2). By Proposition 3:
f (t , t1, t2) =
(P (t, t1)− P (t, t2))/(t2 − t1)
P (t, t2)
is the price of a tradable asset divided by P (t, t2), i.e. it is a martingale
under the measure associated with the numeraire P (t, t2),Q2. Consider now
the caplet’s price and follow the change-of-numeraire approach given by
Proposition 2:
2Deriving the price for both caplets and floorlets would be superflous given the com-
plementarity of their price functions.
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EQ
[
B(0)
B(t2)
(t2 − t1)(L(t1, t2)−K)+
]
= EQ
[
B(0)
B(t2)
(t2 − t1)(f (t1, t1, t2)−K)+
]
= EQ
2
[
P (0, t2)
P (t2, t2)
(t2 − t1)(f (t1, t1, t2)−K)+
]
,
in this way, one has switched from the bank-account numeraire B(t) and its
associated risk neutral measure Q to the bond price numeraire P (t, t2) and
its relative measure Q2. The latter is preferable since makes the dynamics
of f driftless:
df (t , t1, t2) = σ2(t)f (t , t1, t2)dW
2
2 (t), (3.5)
where σ2(t) is the instantaneous volatility and W
2 is a standard Wiener pro-
cess under the measure Q2. Equation (3.5) is the standard diffusion equation
of a driftless Geometric Brownian motion. Its analytic solution (exponential
martingale) is obtained by applying Ito¯’s lemma and it defines the stochastic
process followed by the forward rate f (¯t , t1, t2):
f (¯t , t1, t2) = f (0 , t1, t2) exp
(∫ t¯
0
σ2(t)dW (t)− 1
2
∫ t¯
0
σ22(t)dt
)
. (3.6)
Now compute the following expectation:
E
[∫ t¯
0
σ2(t)dW (t)− 1
2
∫ t¯
0
σ22(t)dt
]
= 0− 1
2
∫ t¯
0
σ22(t)dt
and the variance:
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V ar
[∫ t¯
0
σ2(t)dW (t)− 1
2
∫ t¯
0
σ22(t)dt
]
= V ar
[∫ t¯
0
σ2(t)dW (t)
]
= E
(∫ t¯
0
σ2(t)dW (t)
)2− 02
=
∫ t¯
0
σ2(t)
2dt.
This last step follows from Ito¯’s isometry. One thus ends up with:
I(T ) :=
∫ t¯
0
σ2(t)dW (t)− 1
2
∫ t¯
0
σ22(t)dt ∼ m+ V z,
where m = −12
∫ t¯
0 σ
2
2(t)dt, V
2 =
∫ t¯
0 σ
2
2(t)dt and z denotes a standard normal
random variable. Now recall that:
f (¯t , t1, t2) = f (0 , t1, t2) exp(I(T )) = f (0 , t1, t2)e
m+V z,
and compute the option’s price term:
EQ
2
[(f (t1, t1, t2)−K)+] = EQ2
[
(f (0 , t1, t2)e
m+V z −K)+
]
=
∫ +∞
−∞
(
f (0 , t1, t2)e
m+V z −K)
+
pN(0,1)(z)dz
= ...
Note that f (0 , t1, t2)e
m+V z > 0 if and only if:
z > −
(
ln
f (0 ,t1,t2)
K +m
)
V
=: z¯
So that:
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... =
∫ +∞
z¯
(
f (0 , t1, t2)e
m+V z −K) pN(0,1)(z)dz =
= f (0 , t1, t2)
∫ +∞
z¯
em+V zpN(0,1)(z)dz −K
∫ +∞
z¯
pN(0,1)(z)dz =
= f (0 , t1, t2)
∫ +∞
z¯
1√
2pi
e−
z2
2
+V z+mdz −K(1− Φ(z¯))
Completing the square of the integrand function and taking out constants
from the integral sign one gets:
= f (0 , t1, t2)e
m+ 1
2
V 2
∫ +∞
z¯
1√
2pi
e−
1
2
(z−V )2dz −K(1− Φ(z¯))
= f (0 , t1, t2)
∫ +∞
z¯−V
1√
2pi
e−
1
2
z2dz −K(1− Φ(z¯))
= f (0 , t1, t2)(1− Φ(z¯ − V ))−K(1− Φ(z¯))
= f (0 , t1, t2)Φ(V − z¯)−KΦ(−z¯)
= f (0 , t1, t2)Φ(d1)−KΦ(d2), d1,2
=
ln
f (0 ,t1,t2)
K ± 12
∫ t2
0 σ
2
2(t)dt√∫ t2
0 σ
2
2(t)dt
Therefore:
Caplet(0, t1, t2,K) = P (0, t2)(t2 − t1) [f (0 , t1, t2)Φ(d1)−KΦ(d2)] , (3.7)
and
Floorlet(0, t1, t2,K) = P (0, t2)(t2 − t1) [KΦ(−d2)− f (0 , t1, t2)Φ(−d1)] .
(3.8)
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Equations (3.7) and (3.8) are the classic Black’s formulas used by the market
to convert Caps/Floors volatilities into prices and viceversa3. Black’s market
formula4 is thus compatible with the Libor Market Model. Note that in the
case σ2(t) = σ2 is constant, as will be going onwards in the analysis, then
m = −12σ22t2 and V 2 = σ22t2. This means that d1,2 boils down to :
d1,2 =
ln
f (0 ,t1,t2)
K ± 12σ22t2√
t2σ2
.
The Lognormal forward-LIBOR model is also known as Brace-Gatarek-
Musiela (1997) model, from the name of the authors of one of the first
papers in which it has been rigorously introduced . This model has also
been formalised by Miltersen, Sandmann and Sondermann (1997). Jamshid-
ian (1997) has contributed to its development too. At times in the litera-
ture and in conversations, especially in Europe, the Libor Forward Model
has been referred to as ”BGM” model, from the initials of the three au-
thors above. However, the modern therminology emerging now identify it
as ”Libor Market Model” (i.e. LMM). For this reason and for its popu-
larity the choice has been to stick to this name for the rest of the analysis.
3The underlying assumption is that of flat caplets/floorlets volatilities.
4The Black model (sometimes known as the Black-76 model) is a variant of the Black
& Scholes option pricing model. The only difference is that the underlying stock price
process is substituted with the forward rate dynamics.
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Chapter 4
Pricing of an IRS with Collar
Option
4.1 Background
Italy finds itself in the grip of a derivatives crisis. It has been estimated that
in 2009/10 Italy’s cities and Regional Bodies had an exposure to derivatives
of about e 40 billion, with losses of more than e 6 billion1. Such losses have
already led to a raft of legal claims by Italian public authorities against
international banks.
The case of Depfa Bank Plc vs the Province of Pisa; Dexia Crediop SpA
vs the Province of Pisa is interesting in this regard. It is one of several
being fought over derivatives sold to European Regional Governments by
investment banks that turned out to be far more costly than predicted.
In June 2007, the Province of Pisa, henceforth Pisa, entered into a couple
of ”twin” interest rate swap agreements with Dexia and Depfa, henceforth
the banks, to hedge the interest rate risk affecting the bond issued to recon-
struct the pre-existing debt which was valued around e 95,5 millions.
1The Central Bank has stated that almost 500 small and large Italian cities are facing
losses of e 6 billion on derivative contracts.
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In June 2009, Pisa wrote to Depfa and Dexia challenging the enforceabil-
ity of the swaps on the basis that the decisions to enter into these contracts
were invalid because they violated prohibitions imposed by the Italian Pub-
lic Law with the result that Pisa acted outside its capacity and/or in excess
of its powers given the wrong valuation of the derivatives made by the two
bank. Subsequently, Depfa and Dexia commenced proceedings against Pisa
in the English Courts, seeking a declaration that the swap contracts were
valid and binding and claiming for the sums due to them under the swap
agreements. From here, it started a dispute that lasted until the 27th of
November 2012 ending with a final ruling of the Italian Supreme Adminis-
trative Court as appealed by Pisa.
The following table summarizes the characteristics of the derivatives ob-
ject of the incoming analysis.
Dexia Depfa
Amortising Notional 44,400,000 51,094,000
Effective date 28/06/2007 28/06/2007
Trade date 04/07/2007 04/07/2007
Termination date 28/12/2024 28/12/2024
Currency Eur Eur
Type of payment Semestral Semestral
Party A Dexia Crediop Spa Depfa Bank PLC
Party B Pisa Pisa
Party A Interest Rate
From 28/06/2007 to 28/12/2007 4,295% 4,295%
From 28/12/2007 to 28/12/2024 Euribor 6m Euribor 6m
Party B Interest Rate
From 28/06/2007 to 28/12/2007 4,245% 4,245%
From 28/12/2007 to 28/12/2024
If Euribor 6m ≤ 4,64% 4,64% 4,64%
If 4,64% < Euribor 6m ≤ 5, 99% Euribor 6m Euribor 6m
If Euribor 6m > 5,99% 5,99% 5,99%
Day count covention actual/360 actual/360
Up-front 0 0
Table 4.1: Derivative Contracts bought by Pisa
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As can be seen from the table, except for the notional amounts, the
contractual features of the two interest rate derivatives are equal, from here
the term ”twin” used above in the description. Therefore the considerations
that will follow hold for both of them.
Set Γ = {t1,..., t35 } for the set of semestral payment dates of the amortis-
ing schedule, Ni with i = 0, ..., 34 for the notional amount
2 and L(ti−1, ti)3
for the Euribor rate resetting at the previous dates with maturity six months
for i = 2, ..., 35. The interest rate payments by Pisa can be identified as fol-
lows:
rP (ti) =

N0(0.04245)(
δ0
360) if i = 1
Ni−1(0.0464)( δi360)I{L≤4,64%}
+Ni−1L(ti−1, ti)( δi360)I{4,64%<L≤5,99%}
+Ni−10.0599%( δi360)I{5,99%<L} if 1 < i ≤ 35
(4.1)
Where δi = ti − ti−1 and I is the indicator function4. The interest rate
payments for the banks:
rB(ti) =

N0(0.04295)(
δ0
360) if i = 1
Ni−1L(ti−1, ti)( δi360) if 1 < i ≤ 35
(4.2)
From the Pisa’s point of view, except for the first fixed payment rP (t1)
and without considering the notional Ni for simplicity, the other generic net
cashflows implied by the contracts can be derived as follows:
2With N0 = 95, 5 millions of euros for the first payment.
3The use of the same notation for both the Euribor and the Libor rates is justified by
their similarity.
4The indicator function I{x<b} equals 1 if x < b and 0 otherwise.
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L(ti−1, ti)− 4, 64%I{L≤4,64%} − L(ti−1, ti)I{4,64%<L≤5,99%} − 5, 99%I{5,99%<L}
= [L(ti−1, ti)− 4, 64%] I{L≤4,64%} + [L(ti−1, ti)− 5, 99%] I{5,99%<L}
= (L(ti−1, ti)− 5, 99%)+ − (4, 64%− L(ti−1, ti)+). (4.3)
From equation (4.3) it is clear that this derivative identifies a particular
kind of Interest Rate Swap in which interest rate payments are capped by
a maximum value of 5, 99% and floored by a minimum of 4, 64%. Problems
arise around its fairness because of the initial Up-front contractually set to
zero (see table 4.1) by the parties. Is this really correct?. To give an answer
one has to resort to pricing techniques, but before going into these details
it seems appropriate to rigorously introduce from a mathematical point of
view both the Amortising index-linked IRS contract and the real subject
matter of the analysis, the IRS with Collar Option.
4.2 Amortising index-linked IRS contract
As already seen in chapter two, the current value of the standard forward
starting IRS contract is given by the difference between the fixed leg and
the floating leg properly discounted. At inception its value is set to zero in
order not to favour one of the two party of the agreement. If this would
not be the case, an Up-front should be determined to realign the contract’s
value. Recall that, as the IRS can be seen as a portfolio of FRA’s, one gets
the result of equation (2.22) for a receiver forward starting contract:
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RFS(t,∆,Γ, N,K) =
β∑
i=α+1
FRA(t, ti−1, ti, δi, N,K)
= N
β∑
i=α+1
δiP (t, ti)(K − f (t , t i−1, t i))
where P (t, ti) is the deterministic time-t discount factor and the forward
rate f (t , t i−1, t i) as given by equation (2.16) may be viewed as an estimate
of the future spot rate L(t i−1 , t i), random at time t and based on mar-
ket conditions. Recall that f (t , t i−1, t i) can be seen as the expectation of
L(t i−1 , t i) under the suitable forward probability measure ( see Forward
Measure).
The possibility of having a nominal N which is decrasing in time (i.e.
a debt), transforms the standard forward starting IRS into an amortising
(forward starting) index linked IRS contract. Set η = {Nα, ...., Nβ−1} for
the set of notional values. Its time-t market value may be seen as:
RFS(t,∆,Γ, η,K) =
β∑
i=α+1
FRA(t, ti−1, ti, δi, η,K)
=
β∑
i=α+1
Ni−1δiP (t, ti)(K − f (t , t i−1, t i)).
(4.4)
Note that the only difference with the standard pricing formula is that now
the notional N varies with the set of payment dates and therefore necessarily
enters the summation term of equation (4.4).
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4.3 IRS with Collar option
4.3.1 Definition and pricing
Writers of an IRS contract may wish to use derivatives to hedge themselves
against exposure to interest rate fluctuations. For this purpose they usually
combine the IRS contract with options of cap and floor kind. The Collar
strategy is based on:
• The purchase of a cap option which creates an interest rate ceiling (i.e.
upper bound), de facto locking the payment at a maximum ”cap” rate,
Rcap.
• The sale of a floor option which creates an interest rate lower bound,
de facto locking the payment at a minimum ”floor” rate, Rfloor.
This strategy protects the investor by capping the maximum interest
rate paid at the collar’s ceiling, but sacrifices the profitability of interest
rate drops.
Recall the cap discounted payoff given by equation (2.27)5:
β∑
i=α+1
D(t, ti)Nδi(L(t i−1 , t i)−Rcap)+
considering, for now, the nominal N as a constant. Whereas, equation (2.28)
gives the floor discounted payoff:
β∑
i=α+1
D(t, ti)Nδi(Rfloor − L(t i−1 , t i))+.
One can derive the Collar ’s contract time-t value simply by taking the dif-
ference between equations (2.27) and (2.28) as follows:
5In these formulas the fixed rate K has been substituted with Rcap for the cap contract
and Rfloor for the floor one.
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β∑
i=α+1
D(t, ti)Nδi(L(t i−1 , t i)−Rcap)+−
β∑
i=α+1
D(t, ti)Nδi(Rfloor−L(t i−1 , t i))+.
(4.5)
Under the assumptions of the LMM about the dynamics of rates6, one can
recover the price of this contract by taking the risk-neutral expectation E
of equation (4.5). This amounts to take the difference between the price of
the cap, seen as sum of caplets and that of the floor, decomposed in sum of
floorlets. That is:
Collar(t) =
β∑
i=α+1
P (t, ti)NδiE
i
t((L(ti−1 , ti)−Rcap)+)
−
β∑
i=α+1
P (t, ti)NδiE
i
t((Rfloor − L(t i−1 , t i))+). (4.6)
where Eit is the conditional expectation under the ti-forward measure Qi.
Applying the (4.6) pricing recipe one ends up with a very familiar result:
Collar(t) =N
β∑
i=α+1
P (t, ti)δiBL(Rcap, f (t , t i−1, t i), vi, 1)
−N
β∑
i=α+1
P (t, ti)δiBL(Rfloor, f (t , t i−1, t i), vi,−1). (4.7)
Notice thatBL(Rcap, f (t , t i−1, t i), vi, 1) andBL(Rfloor, f (t , t i−1, t i), vi,−1)
are both cores of the famous Black’s formula. Therefore, equation (4.7) may
be written in the following way:
6Recall that for the LMM assumptions, forward rates follows the dynamics of a driftless
diffusion process of the kind df (t , t i−1, ti) = σi(t)f (t , t i−1, ti)dW
i
i(t) for t ≤ ti−1.
47
Collar(t) =CapBlack(t,∆,Γ, N,Rcap, σα,β)
− FlrBlack(t,∆,Γ, N,Rfloor, σα,β)
(4.8)
Considering again an amortising plan as for the case study, equation (4.5)
reads:
Collar(t) =
β∑
i=α+1
D(t, ti)Ni−1δi(L(t i−1 , t i)−Rcap)+
−
β∑
i=α+1
D(t, ti)Ni−1δi(Rfloor − L(t i−1 , t i))+
where Ni−1 in the above formula is the notional at the resetting dates. And
finally the time-t value of the derivative gets:
Collar(t,∆,Γ, η, Rcap,Rfloor, σα,β) =Cap
Black(t,∆,Γ, η, Rcap, σα,β)
− FlrBlack(t,∆,Γ, η, Rfloor, σα,β).
(4.9)
4.3.2 Contractual features
At this point one may wonder: where does the value of this contract orig-
inates from? To answer this question consider the following theoretical
case. Suppose a company is Libor indebted and has to pay at certain times
tα+1, ..., tβ the Libor rates resetting at times tα, ....., tβ−1 and assume a uni-
tary debt notional amount. The company is afraid that the Libor rates may
increase in the future and wishes to protect herself by locking the payment at
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a maximum ”cap” rate, Rcap. In order to do this, the company enters a cap
contract with the payoff described before, therefore pays its debt in terms
of the Libor rate and receives (L(t i−1 , t i)− Rcap)+ from the cap contract.
The difference gives what is paid when considering both contracts:
(L(t i−1 , t i)−Rcap)+ − L(t i−1 , t i) = min(L(t i−1 , t i),Rcap). (4.10)
This implies that the company pays at most Rcap at each payment date
since its variable (L−indexed) payments have been capped to the fixed rate
Rcap, which is the strike of the cap contract. To limit the cost of this
contract the company can also sell a floor, being liable, at each date, for the
payment of:
−(Rfloor − L(t i−1 , t i))+. (4.11)
Summing up the two flows one gets:
−L(t i−1 , t i) + Collar . (4.12)
Notice that the generic cash flow of the Collar may be written with simple
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passages as follows:
Collar = (L(ti−1, ti)−Rcap)+ − (Rfloor − L(ti−1, ti))+
= (L(ti−1, ti)−Rcap)+ + (L(ti−1, ti)−Rfloor)+
= (L(ti−1, ti)−Rcap)+ + (L(ti−1, ti)−Rfloor)
− (L(ti−1, ti)−Rfloor)+
= (L(ti−1, ti)−Rfloor − (L(ti−1, ti)−Rfloor)I{L>Rfloor}
+ (L(ti−1, ti)−Rcap)I{L>Rcap}
= (L(ti−1, ti)−Rfloor)I{L<Rfloor}(I{L<Rfloor} − I{L>Rcap})
−RcapI{L>Rcap}
if Rcap > Rfloor
= L(ti−1, ti)−RfloorI{L≤Rfloor} − L(ti−1, ti)I{Rfloor<L≤Rcap}
−RcapI{L>Rcap}
(4.13)
And this is exactly the kind of net cash flow received by Pisa as given by
equation (4.3).
The Collar is also termed ”hedge wrapper” because interest rate pay-
ments are confined to a maximum value Rcap and a minimum value Rfloor.
The analysis continues by finding its price using market data as were
available at the trading date and Black’s formula for Caplets and Floorlets.
4.4 Valuation of the financial operation using Mar-
ket Data
4.4.1 Bootstrapping the yield curve via swap
Every valuation process requires the knowledge of the risk free yield curve
and of the relative implied forward structure. The methodology adopted
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here is that of the bootstrapping which allows to derive the spot and the
forward structure from the quoted swap curve7 simply by assuming an
arbitrage-free setup8. The starting condition is the availability of swap mar-
ket data for long maturities starting from one year up to thirty, Si(t), for
i = 1, ..., 30 for the trading date 04/07/2007. The algorithm starts with the
first maturity for which it is easy to show that holds the equality:
S1(t) = Y (t, 1),
where, S1(t) is the swap rate with maturity one year and Y (t, 1) is the
annually-compounded one year spot rate. Whereas for the second maturity:
Y (t, 2) =
 1 + S2(t)
1− S2(t)1+Y (t,1)
 12 − 1,
and in general holds:
Y (t, ti) =
(
1 + Si(t)
1− Si(t)
∑i−1
j=1 P (t, ti)
) 1
i
− 1. (4.14)
Where Y (t, ti) is the annually-compounded spot rate with maturity ti. Using
equation (4.14) it is possible to derive the whole spot structure for all the
maturities beyond the trading date and up to thirty years as shown by figure
(4.1).
As can be seen the bootstrapped curve has an evident cubic polynomial
trend which will be used to interpolate missing maturities. Recall that the
derivative contract foresees semiannual payments but the spot rates derived
are annually spaced. For this reason cubic splines have been used to get
intermediate values. This interpolation method is described below.
7Swap rates with yearly maturities from one up to thirty years are regularly quoted
over the counter.
8Recall that swap rates are derived by imposing the fairness condition on the IRS
pricing equation.
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Figure 4.1: Bootstrapped yield curve via swap data
4.4.2 Cubic spline interpolation
Given a tabulated function fk = f(xk), k = 0...N, a spline is a polynomial
between each pair of tabulated points but one whose coefficients are de-
termined “slightly” non-locally. The non-locality is designed to guarantee
global smoothness in the interpolated function up to some order of deriva-
tive. Cubic splines are the most popular. They produce an interpolated
function that is continuous through to the second order derivative. There is
a separate cubic polynomial for each interval, each with its own coefficients:
fk = ak(x− xk)3 + bk(x− xk)2 + ck(x− xk) + dk for x ∈ [xk,xk+1] .
Together, these polynomial segments define f(x), the spline.
52
Since there are N intervals and four coefficients for each of them, 4N
parameters are necessary to define the spline. Therefore one needs to find
4N independent conditions to fix them. Two conditions are derived from
the requirement that the cubic polynomial matches exactly the values at
both ends of each interval. That is:
f(xk) = xk, f(xk+1) = xk+1.
Notice that these conditions result in a piecewise continuous function. There
are still left 2N more conditions derived from the further requirement of
continuity of the first and second order derivatives:
f ′(xk−1) = f ′(xk) f ′′(xk−1) = f ′′(xk).
These conditions apply for k = 1...N − 1, resulting in 2(N − 1) constraints.
Two more condtions are left to completely fix the spline. The standard
choice for a ”natural” cubic spline is to impose for the second order deriva-
tive:
f ′′(x0) = 0 f ′′(xN ) = 0.
With 4N coefficients and 4N linear constraints it is straightforward to work
out the equations that determine them. The conditions can be easily reduced
to a tridiagonal system with the coefficients ck as the unknowns. Once
solved, the remaining ones are easily determined.
Cubic splines are popular because they are easy to implement and pro-
duce a curve that appears to be seamless also if only piecewise continuous
(meaning that a sufficiently high derivative, as the third, is discontinous).
If the application is sensitive to the smoothness of derivatives higher than
the second, cubic splines may not be the best choice. In the Appendix
”Macro Scripts” one can find the programming code used to implement the
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algorithm whit the use of the electionic Spreadsheet Excel.
4.4.3 The implied forward structure
The implied forward structure is essential for the Collar’s fairness valuation
check because forward rates constitute fundamental quantities for the pricing
of caplets and floorlets interest rate options. The logical steps which have
been followed are:
• Use cubic spline interpolation to recover the values of annually com-
pounded spot rates for semiannual maturities for seventeen and a half
years beyond the trading date, i.e. from 28/06/2007 to 28/12/2024,
getting exactly thirtyfive values, one for each interest rate payment;
• Convert the rates thus obtained into semestral rates, i.e. Ys(t, ti) =
(1 + Y (t, ti))
1
2 − 1 for i = 1, ..., 35;
• Calculate from the semiannually compounded spot rates the relative
zero-coupon bond prices, i.e. Ps(t, ti) =
1
[1+Ys(t,ti)]
i ;
• From Zcb prices derive the whole forward structure by a simple no-
arbitrage argument, i.e. fs(t , t i−1, ti) =
(
Ps(t,ti−1)
Ps(t,ti)
− 1
)
360
δi
.
Figure (4.2) shows the resulting one year forward curve together with
the spot one derived as above:
Forward rate thus calculated constitutes the future spot rates implied by
the current bootstrapped yield curve. They are higher than current spot
rates because the zero coupon curve is upward sloping (see the figure above)
and also monotonically increasing up to the fifteenth year, after which they
start reducing.
After this, a further step of the analysis consists in constructing the
implied volatility surface of caps/floors thanks to which it is possible to
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Figure 4.2: One year Spot and Forward rates comparison
price all the caplets and floorlets of which the Collar is made of through the
well known Black’s formula.
4.4.4 Constructing the volatility surface
A cap/floor is a basket of interest rate options with different maturities and
moneyness. For simplicity, the market quotes cap/floor prices in terms of
a single common parameter, the flat volatility σα,β(t,Γ, Rcap), also known
as forward volatility (i.e. it is a functional mean of caplets/floorlets forward
forward volatilities vi). This is the single volatility which, when substituted
into the Black’s valuation formula (for all caplets / floorlets), reproduces
the correct price of the financial instrument. Clearly, that of flat volatility
is a dubious concept since a single caplet/floorlet may be part of different
caps/floors and it may be assigned different flat volatilities. By market
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standards and considering a unitary notional amount:
CapBlack(t,∆,Γ, Rcap, σα,β) =
β∑
i=α+1
P (t, ti)δiBL(Rcap, f (t , t i−1, t i), σα,β, 1)
=
β∑
i=α+1
P (t, ti)δiBL(Rcap, f (t , t i−1, t i), vi, 1).
As for the trading date 04/07/2007, the implied volatilities sourced from
the data provider CMPL Bloomberg for maturities ranging from one up
to thirty years and for strike rates from 2% up to 10%, were as in Figure
(4.3) The two dimensions of the matrix represent, respectively, the implied
volatilities (or. quoted prices) term and strike structures. Considering that
the at-the-money strike (Euribor 6m) at that date was about 4,33%, it is
possible to see from the one hand the increasing and then decrasing trend of
market quotes as the maturity gets higher, and from the other the decreasing
trend as the strike gets higher, the so called smile/smirk effect. From a
graphic point of view the obtained volatility surface looks as in the following
figure(4.6). Further, with the use of cubic splines it is possible to derive
the volatilities corresponding to all the maturities between one and thirty
years and all the strike rates from 2% up to 10%. The volatility curves
for strikes Rcap = 5, 99% and Rfloor = 4, 64% are in figures (4.4) and
(4.5). Using splines and the curves σα,β(t,Γ, 5, 99%), σα,β(t,Γ, 4, 64%) it is
possible to calculate the implied volatilities corresponding to the semiannual
payments of the derivative, i.e. σs(t,Γ, 5, 99%) and σs(t,Γ, 4, 64%) with Γ =:
{t1,...,t35}, corresponding to the period going from 28/06/2007 to 28/12/2024
in which interest rate payments are exchanged between the parties. With
them and the forward structure one has all the ingredients to perform the
final pricing algorithm.
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4.4.5 Collar pricing
As equation (4.9) underlines, the time-t value of the Collar contract is given
by the difference between the time -t value of a Cap computed as sum of
Caplets using Black’s formula, CapBlack(t,∆,Γ, η, Rcap, σα,β), and the time-
t value of a Floor computed as sum of Floorlets using the same valuation
formula, FlrBlack(t,∆,Γ, η, Rfloor, σα,β). The choice of this ”pricing recipe”
is dictated by the need of finding the time-t Market value of the derivative
using market data and a very simple methodology which could have been
reasonably performed by a technical expert appointed by the Court to value
the cost of the financial operation.
The following algorithm permits to derive, for all the semiannual ma-
turities and using the interpolated at-the-money volatilities as above, the
corresponding time-t Caps’ prices for different maturities. Considering a
unitary notional amount, one has:
CapBlack1 (t, t1,∆, σs(t, t1, 5, 99%)) = Ps(t, t1)
δs
360
BL(fs(t , t0, t1), σs(t, t1, 5, 99%), 1)
= CapletBlack1 (σs(t, t1, 5, 99%));
and that:
CapBlack2 (t, t2,∆, σs(t, t2, 5, 99%)) :=Caplet
Black
1 (σs(t, t2, 5, 99%))
+ CapletBlack2 (σs(t, t2, 5, 99%))
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......
CapBlack35 (t, t35,∆, σs(t, t35, 5, 99%)) =
35∑
i=1
CapletBlacki (σs(t, ti, 5, 99%)).
Using these prices and a backward bootstrapping algorithm it is possible to
derive the Caplets’ prices needed for the Collar valuation. Knowing the first
Cap price we get the first Caplet price (Cap1) as:
CapBlack1 (t, t1,∆, σs(t, t1, 5, 99%)) = Caplet
Black
1 (vs(t, t1, 5, 99%)).
With the first Cap price we get the price of the second Caplet by a simple
iteration. In facts:
CapletBlack2 (vs(t, t2, 5, 99%)) =Cap
Black
2 (t, t2,∆, σs(t, t2, 5, 99%))
− CapBlack1 (t, t1,∆, σs(t, t1, 5, 99%)).
We can iterate such a procedure till the last caplet (t = 35), finally having:
CapletBlack35 (vs(t, t35, 5, 99%)) =Cap
Black
35 (t, t35,∆, σs(t, t35, 5, 99%))
− CapBlack34 (t, t34,∆, σs(t, t34, 5, 99%));
where vs(t,Γ, 5, 99%) are the Caplet’s forward forward volatilities. As a
consequence, the price of the Cap with decrasing notional amounts gets:
CapBlack(t,∆,Γ, η, 5, 99%, σs) =
35∑
i=2
Ni−1CapletBlacki (t, ti, 5, 99%, vs);
(4.15)
where η = {N0, ..., N34} is for the notional in amortising. Note that the
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same line of reasoning applies to the Floor case. Using the interpolated
values for the volatility and the forward structure it is possible to derive the
Floors’ prices by inserting these parameters into the Black’s equation. As
in the Cap case we obtain the following result:
FloorBlackn (t, tn,∆, σs(t, t35, 4, 64%)) =
n∑
i=1
FloorletBlacki (σs(t, ti, 4, 64%)).
Again, with the use of a backward bootstrapping algorithm it is possible to
derive the Floorlets’ prices. Similarly with the Caplet case we will have:
FloorletBlacki (vs(t, ti, 4, 64%)) =Floor
Black
i (t, ti,∆, σs(t, ti, 4, 64%))
− FloorBlacki−1 (t, ti−1,∆, σs(t, ti−1, 4, 64%)).
The price of the Floor with decreasing notional amounts is given by:
FloorBlack(t,∆,Γ, η, 4, 64%, σs) =
35∑
i=2
Ni−1FloorletBlacki (t, ti, 4, 64%, vs).
(4.16)
Taking the difference between equation (4.15) and equation (4.16) one gets
exactly the pricing result of equation (4.9), therefore the time-t price of the
Collar gets:
Collar(t,∆,Γ, η, 5, 99%, 4, 64%, σs) =Cap
Black(t,∆,Γ, η, 5, 99%, σs)
− FloorBlack(t,∆,Γ, η, 4, 64%, σs).
(4.17)
All computations have been performed using the electronic spreadsheet Ex-
cel. In the Appendix A to this document, ”Macro Scripts”, it is possible to
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find the relative programming codes while the tables collecting all the infor-
mations for the pricing can be found in the Appendix B ”Collar Pricing”.
The final valuation provided by equation (4.15), that is the value of the Cap
option for the trading date 04/07/2007 amounts to e 1.182.919,51 and that
of equation (4.16), that is the value of the Floor option to e 2.377.861,26.
Therefore, the fair price of the Collar, as given by the formula (4.17), is e
-1.194.941,75. This result highlights the presence of ”implicit costs” as al-
leged by Pisa during the dispute. In particular, the negativeness in value of
the financial operation underlines not only the unfairness of the calculated
Up-front set to zero, but also the born of a credit position in favour of Pisa
needed to realign the value of the derivative at inception. However, this is
not sufficient to solve the case in favour of the Italian Province. In fact, from
the further rulings, turned out that -The Art 41 Test must be assessed in the
context of the entire transaction entered into between the parties. The costs
associated with the bond issue and the swap transactions were to be jointly
calculated by Pisa for these purposes..- and also that -According to the tech-
nical opinion rendered by the court-appointed expert Roberto Angeletti, the
Art 41 Test was satisfied despite the fact that the swaps had certain “implicit
costs” provided that such costs were lower than the benefits to be obtained
by Pisa under the whole financial transaction..-.
By taking the”derivative gamble” Pisa was fooled twice.
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Figure 4.3: Cap/Floor implied volatilities as of 04/07/2007
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Figure 4.4: Cap volatility hump σα,β(t,Γ, 5, 99%)
Figure 4.5: Floor volatility hump σα,β(t,Γ, 4, 64%)
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Figure 4.6: Cap/Floor implied volatility surface as of 04/07/2007
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Chapter 5
Stochastic Modeling and
Monte Carlo valuation in
Life Insurance Business
5.1 Background
The Zurich Insurance Group has started a specific program called “Project
SST / Solvency II” where the Group aimed at analyzing and defining the
standards, frameworks and processes needed to meet regulatory require-
ments. The program has been organized into different phases: Gap Analysis,
Solution design and Implementation in order to meet and develop consistent
framework, and solution to meet (1) the common European requirements as
spelled out in the Solvency II Framework Directive (the “Solvency Frame-
work Directive”1), (2) any implementing measures related to that Frame-
work Directive (3) any supervisory guidance published by EIOPA (formerly
CEIOPS) with respect to Solvency II and/or (4) any regulation and guid-
1The Solvency II Directive 2009/138/EC is an EU Directive that codifies and har-
monises the EU insurance regulation. Primarily this concerns the amount of capital that
EU insurance companies must hold to reduce the risk of insolvency.
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ance from Zurich’s EU Group supervisor (CBI – Central Bank of Ireland)
applicable to all entities of the Customer Group, that are subject to Solvency
II requirements.
The Solvency II program is continuing its implementation phase with a
specific and consistent release strategy considering different waves of delivery
distributed and organized in order to target the final compliance with the
overall regulatory framework.
A solvency capital requirement may have, inter alia, the following pur-
poses:
• To reduce the risk that an insurer would be unable to meet claims
• To reduce the losses suffered by policyholders in the event that a firm
is unable to meet all claims fully
• To provide warnings to supervisors so that they can intervene promptly
if capital falls below the required level
• To promote confidence in the financial stability of the insurance sector.
In relation to these points, analysis have been carried out (1) to assess
the suitability of stochastic scenarios2 to price correctly assets and liabilities
of the company, (2) to find a methodology able to hedge the company’s
portfolio against interest rate fluctuations which may seriously affect capital
solvency requirements.
2Zurich uses risk neutral market consistent interest rates projections (i.e. scenarios) to
value her business performance indicators and the cost of her guarantees.
66
5.2 The need of stochastic modeling to value lia-
bility cashflows
An Insurance Company needs stochastic economic scenarios to allow for the
complex non-linear dependency of life insurance liability cashflows3 on un-
certain future economic environments. Stochastic modeling is essential be-
cause the future is uncertain, and ”good outcomes don’t always average out
bad ones”. When cashflows have only linear dependency on economic vari-
ables, deterministic modeling is sufficient to accurately project the present
value of life insurance business. In this case stochastic and deterministic
modeling give the same result. But when cash flows have non-linear de-
pendency on economic variables, their present value needs to be modeled
stochastically to reflect uncertainty.
This is of particular relevance when products or funds include guarantees
or options for the policyholder such as:
• guaranteed investment returns (i.e. profit sharing rules)
• discretionary profit sharing and regulatory constraints, e.g. “legal
quotes”
• maturity guarantees
• guaranteed minimum death benefits
• guaranteed annuity options
• surrender options.
For such products or funds, the certainty equivalent value4 does not al-
low for the risk that the financial outcome for shareholders could differ from
3Liability cashflows are given by the inflows of premiums from which are deducted the
outflows generated by possible lapses, deaths and so on.
4The certainty equivalent value is defined as the present value of the future sharehold-
ers’ statutory profits (net of tax) under the certainty equivalent scenario.
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the one implied by the certainty equivalent scenario5. This means that, in
order to correctly value them, a stochastic projection needs ”to be run”
allowing for the possibility to model the range of possible scenarios for fi-
nancial markets. In this context, the Time Value of Options & Guarantees
(TVOG) represents a key indicator. It is calculated as the difference be-
tween the average present value of shareholders’ liability cashflows, and the
certainty equivalent value. The TVOG therefore represents the additional
market consistent6 value of those financial options and guarantees in excess
of the intrinsic value which is already allowed for in the certainty equivalent
scenario (i.e. roughly, it represents a measure of the impact of interest rate
volatility/economic variances on shareholder’s liability cashflows).
Economists would call it risk premium. An example is provided by the
following figure.
Figure 5.1 shows the difference between the price of a Put Option computed
using stochastic simulations( the light blue line) and the price of the same
Option computed, instead, using the Certainty equivalent (i.e. determinis-
tic) scenario (dark blue line). As can be seen the deterministic price of the
option corresponds to its payoff which instead should be its price only at
maturity. The TVOG in this case is strictly positive and, as a general rule,
stochastic modeling is needed when this happens. The higher the TVOG,
the higher is the ”cost” of the guarantees offered to the market.
5In this particular scenario, future market returns are determined as the forward rates
implied in the reference rates at the valuation date. Discounting is performed at the same
reference rates.
6Roughly, market consistency is verified when projected prices of assets and liabilities
can be directly verified from the market.
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Figure 5.1: Time Value of Options & Guarantees
5.3 Guaranteed Investment Return policy (i.e. Profit
sharing Rule)
There is an evident link between Insurance products with embedded Guaran-
tees and Financial Options since the payoffs of the latters can replicate7 the
liability cashflows of an insurance contract each time this contract provides
”an optionality” to the policyholder, for example the maximum between two
quantities. This is the case of the Profit Sharing rule. To see this, in what
follows is presented a technical note on a policy with guaranteed investment
return.
• Guarantee’s name: Guaranteed Investment Return (or Profit sharing
7Replication implies that the two financial instruments share the same price/market
value.
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guarantee).
• Description of the guarantee: The company is contractually obliged
to recognise only at date of payment the maximum between: a) the
yearly investment return as fixed contractually (e.g. 2%) b) the de-
clared rate on the Segregated Fund. The guarantee is written in the
contract and applies to all the premiums paid on the contract. The
level of the guarantee cannot be changed during the contract’s term.
The guarantee is provided by Zurich.
• Management of the guarantee: Segregated Funds manage this kind of
guarantee8. They are composed mainly by government and corporate
bonds with a fixed investment strategy of a given duration (usually
around 10 years). A new Segregated fund was open in 2005 to cover
this new shape of guarantee, keeping it separate from existing old
guarantees already mentioned. For this new shape of guarantee the
duration matching between assets and liabilities is of key importance in
order to reduce the cost and the level of financial guarantees affecting
the TVOG.
• Quantification: The cost of this guaranteed is expressed by the TVOG.
• Comment on Quantification: Time Value of Options and Guarantees
(TVOG) is the cost, implicit in future distributable earnings, to offer
this kind of guarantee. It is stocastically calculated with the use of
projections of economic variables.
• Sensitivity of the Guarantee: The cost of the guarantee is linked to
interest rates level and volatility.
• Applicable products : All type of traditional products with at least 8%
8An analysis of the segregated fund VIS, as a benchmark for Zurich’s investment strat-
egy, is presented in chapter 7.
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of with profits mathematical reserves9.
• Comment on products: Sold starting from 2005. It is for the largest
part a single premium business, but also fixed premiums are present
within.
Focusing only on the second bullet list item, it is clear that the cashflows
for the investment guarantee shares the same basic formula as the cashflows
for an option with the kind of payoff seen above in the example on the cal-
culation of the TVOG. When an insurer promises to pay a certain known
quantity, the valuation of the policy’s benefits is usually straightforward. It
becomes more complicated when the promise is to pay the greater of two
quantities, where it is not certain which amount will be greater in the future.
In this case, the valuation should reflect the uncertainty and potential for ei-
ther amounts to be paid, which will have an additional cost over considering
just one component.
The principles of IAS (International Accounting Standards), in this re-
gard, recognize the need to reflect the associated additional cost since the
valuation must be at fair value and consistent with option-pricing tech-
niques. In the above example, the additional cost is related to the uncer-
tainty around the performance of the segregated fund’s returns. Therefore
benefits must be split in two part, the ”normal” benefit, say the guaranteed
minimum return of the policy plus the ”extra-benefit” given by the differ-
ence, if positive, between the fund’s rate of return and the guaranteed return
itself. What has been defined as ”extra-benefit” is the embedded option of
the profit sharing rule. Its payoff, for the undertaker, is given by the payoff
of a put option with underlying the fund’s retun and with strike price the
guaranteed minimum return.
9Mathematical reserves constitute the mathematical capital values of future claims
(they are calculated with the use of a technical rate). They are product-specific and
deterministic.
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From these considerations turns out that the value of the guarantee is
given by the sum of the cost of the ”normal” benefit under the contract
plus the residual cost of the second ”extra-benefit”, i.e. the ”guarantee’s
cost”. This approach may incourage insurance companies to invest part of
the premiums in assets or derivatives able to match the excess benefit given
by the policy.
However, options and guarantees do not always need to be split out to
value the associated liability. For example, consider a policy that pays a
fixed cash sum at a particular policy anniversary. If there is an asset that
is guaranteed to pay the same fixed sum, then the policy may be valued by
discounting the guaranteed payment at the appropriate market rate. The
value of the liability, in this case, would be equal to the market value of the
asset.
5.4 Valuing Guarantees with Monte Carlo Inte-
gration Technique
Zurich uses several approaches and methods to valuing guarantees and op-
tions in a manner consistent with the Financial Markets (i.e. Market consi-
tent). These include:
• Replicating portfolio technique
The definition of a replicating portfolio is a portfolio of assets, the-
oretical and real assets, which mimic the movement of a portfolio of
liabilities. In Zurich two replicating portfolios are calibrated for each
reporting unit: the Life Theoretical Replicating Portfolio (“LTRP”)
and the Life LTRP Benchmark (“LLB”). The latter is a replicating
portfolio which is composed only of assets which are available on the
market, or of assets which pose a good proxy. The LTRP is a replicat-
ing portfolio which best replicate the insurance liabilities. The target is
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to use those assets that best replicates the liabilities in the calibration
of the LTRP. This means that both vanilla assets and assets that are
non-traded and not available through investment banks, for example
over the counter derivatives, are allowed to be used in the calibration
process. Ideally one would like to find a replicating portfolio which
exactly matches the values of the guarantees.
The chart below illustrates an example of the match in distribution of a
replicating portfolio cashflows to liability cashflows and their relative
means. This portfolio is calibrated to replicate the liabilities of the
segregated fund VIS (Vita Investimento Sicuro).
Figure 5.2: Replicating portfolio discounted cashflows
Mean replicating portfolio cashflows matches mean liabilities; pattern of
percentiles for the replicating portfolio matches pattern on corresponding
liabilities chart.
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Unfortunately, finding a matching portfolio is not always easy because of
the need to find ”theoretical” assets which are able to replicate the behavior
of liability cashflows.
• Stochastic Simulations
This is the most widely used approach since it is rather flexible10. In
general it is not possible to value guarantees through a Closed Form
solution (i.e. a Formula approach). This because: (1) It does not
allow for a cashflow structure (Usually there is the need to project
cashflows with a term structure which could be complex depending
on the nature of the product and the business); (2) It does not allow
for changes in Actuarial rates (Often it is necessary to understand
the impact of movements in mortality, morbidity and lapse rates on
chasflows. Closed form solutions do not lend themselves to this).
Zurich uses an Economic Scenario Generator (ESG) Software
which produces thousands of sample paths of economic variables needed
to reproduce each asset class and allows for correlations between them.
The ESG is at the heart of stochastic simulations.
• Lattice Methods
Under this approach, the possible paths that the assets can take are
structured to form a lattice, and any one scenario is equivalent to
the assets’ following a specific path within the lattice. Values are
calculated along all the paths within the lattice, working backward
from the end period to the present. Lattice methods are an intuitive
way of covering a large number of asset price scenarios, and can be
computationally efficient because a limited number of nodes can rep-
resent a large number of price paths. Unfortunately this advantage
10Stochastic simulations give freedom to Business Units in modeling each kind of asset
while Replicating Portfolios are calibrated at Mother House and received as such with no
possibility of change in the weights’ choice/asset classes.
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quickly breaks down if multiple asset classes need to be modeled as it
is frequent in Life Insurance Companies (interest rates, equity returns,
etc.).
From the above findings it is clear that no kind of Black like formula
can be used to value guarantees embedded in Life Insurance contracts11.
The only way out to pricing problems is to resort to stochastic simula-
tions. The idea is to simulate the cashflows that a matching derivative
would have produced by projecting the guaranteed liability cashflows under
several thousand scenarios and computing the present value under each and
every scenario. The mean (or average) of the numerous scenarios provides
an estimate of the fair value of the embedded option. This is the principle
underlying the Monte Carlo method as explained below.
Monte Carlo Integration technique
The Monte Carlo method derives values taken from a number of simulated
trajectories and then evaluate the result as the average of these values. This
method is very old and the more rigorous developments on the subject stems
from nuclear physics and the creation of the nuclear bomb during the second
world war. In general, Monte Carlo is used for simulation and optimisation.
However, in the context of financial derivatives, pricing within the LMM
theoretical framework12 often lies in computing expectations with the Monte
Carlo method and focus will therefore be also on this pricing technique.
Consider a square-integrable function13 f ∈ L2 [0, 1] and a uniformly
distributed random variable x ∈ U [0, 1] . The integral of f over [0, 1] is
11Analytical solutions could be used as a check to ensure that the results of a more
complex projection are in the ballpark as expected them to be.
12As will be explained soon the ESG is calibrated to reproduce the dynamics given by
the Libor Market Model.
13A square-integrable function, also called a quadratically integrable function, is a real-
or complex-valued measurable function for which the integral of the square of the absolute
value is finite.
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equal to the expected value of the function:
E (f(x)) =
∫ 1
0
f(x)dx,
Now consider a sequence {xi} sampled from U [0, 1] . The conditional expec-
tation of the function can be approximated as:
En (f(x)) ≈ 1
n
n∑
i=1
f(xi).
The Strong Law of Large Numbers implies that this approximation is con-
vergent with probability one to the true expectation, that is :
lim
n→+∞
1
n
n∑
i=1
f(xi) =
∫ 1
0
f(x)dx.
or:
lim
n→+∞En (f(x)) = E (f(x)) .
and the Monte Carlo integration error can be defined as :
εn =
∫ 1
0
f(x)dx− 1
n
n∑
i=1
f(xi) = E(f(x))− En (f(x)) ,
whose size and statistical properties are characterized by the Central Limit
Theorem stated as follows.
Theorem 1. Central Limit theorem applied to Monte Carlo integration.
As n → +∞, √nεn(f) converges in distribution to σz, where z is a
standard normal random variable and the constant σ = σ(f) is the square
root of the variance of f :
σ(f) =
[∫ 1
0
(
f(x)−
∫ 1
0
f(x)
)
dx
] 1
2
.
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Example of Monte Carlo pricing via the Deflator approach
As stated above, the objective is to calculate the market consistent value
of the guarantees. In the absence of known replicating assets/closed form
solutions and/or limit given by these solutions, one constructs a model,
or Economic Scenario Generator, for projecting non-insurance assets (since
insurance assets do not have readily observable market values). The scenario
generator must be calibrated to reflect real world assumptions. This means
that it is calibrated under the real world probability measure P .
Notwithstanding this type of calibration 14, the valuation process pro-
duces the same result as a risk neutral one. This because of the use of a
particular scenario-weight, the deflator or stochastic discount factor. In fact,
when simulating processes under the real world probability measure P, the
value of a product is more difficult to determine as the risk-free interest rate
is not the proper discount factor anymore. Discounting with it would not
lead to a market consistent valuation. The generator, thus, provides a set of
deflators which can be used to value any cashflow with a weighted average
procedure.
The deflator brings with itself the martingale property as stated by the
following proposition.
Proposition 5. The deflator D(t) is a positive process with the property
that a future stochastic payoff HT has value at time t < T given by:
P (t) = EQt [D(t, T )HT ] = Et
[
D(t, T )
R(T )
R(t)
HT
]
= Et
[
D(T )
D(t)
HT
]
,
where R(T ) = dQdP is the Radon-Nikodym derivative of Q with respect to P
and D(t) = e−rtR(t). The above equality implies that the process P˜ (t) =
14Using a risk neutral measure would imply returns growing at a risk-free rate which is
not realistic for an Insurance/Bank business.
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P (t)D(t) is a P−martingale.
Proof. Thanks to the abstract version of Bayes’ Theorem for conditional
expectation, one can write:
P (t) = EQt [D(t, T )HT ] =
E [exp (−r(T − t))R(T )HT | Ft]
E [R(T ) | Ft]
=
E [exp (−r(T − t))R(T )HT | Ft]
R(t)
= E
[
exp (−r(T − t))R(T )HT
R(t)
| Ft
]
.
in which the second equality follows from the martingale property of R(t).
Therefore one can compute prices as P expectations, the deflator acting
as a bridge between real world and risk neutral valuation by merging together
the discount and the change of probabilistic view.
Under the assumption of completeness of Financial Markets there is a
unique set of deflators that reconciles the present value of the cashflows
to the market values. If different deflators are used, then the present value
derived will not be equal to the arbitrage-free value and therefore will not be
equal to the fair market value. By construction, the mean deflator across all
scenarios for any given time period must equal the risk-free discount factor
for that time period.
The deflator approach is rather versatile since it can be used in both the
Financial Markets where risk-neutrality is the dominant technique and
in the Actuarial world where real-world valuations are frequent (e.g. the
TVOG).
Having determined the scenario weights, one can then value any set of
potential cashflows and use the weighted average across the scenarios. To
show an example, suppose one has to value a future stochastic payoff HT
depending on the realisation of different forward libor rates ft = [fα+1, ..., fβ]
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in a time interval t ∈ [0, T ] . The simulation scheme given by the scenario
generator for the rates entering the payoff provides one with the f ′s needed
to form scenarios on HT. The Monte Carlo price of this payoff is computed,
based on the simulated paths, as :
E [D(T )HT ] =
1
nr sims
nr sims∑
s=1
df(0, T, s)HT,s. (5.1)
Where nr sims denotes the number of simulated paths15, s the scenario
under which a specific quantity is considered, df(0, T, s) the discount factor
for deflating the values from time T to time 0 for scenario s (i.e. the deflator)
and the forward rates ft(s) = [fα+1(s), ..., fβ(s)] entering HT,s have been
simulated under the final T−forward measure.
Now consider the case of of the profit sharing rule (Guaranteed Invest-
ment Return policy) and suppose that each fixed premium paid by the pol-
icyholder is taken to be invested in a bullet bond with residual maturity
equal to the policy year of the insurance contract. This payoff, in terms
of interest rate options,is equivalent to a receiver swaption payoff scheme
with fixed rate equal to the minimum guaranteed rate of return. Similarly
to equation (2.34) and without considering the notional for simplicity, its
generic time−tα payoff is given by:
D(t, tα)
(
β∑
i=α+1
P (tα, ti)δi(K − f (tα, t i−1, t i))
)
+
,
where the strike price K has to be interpreted here as the guaranteed mini-
mum return given by the policy.
The Monte Carlo price for this hedging derivative with term t = tα and
tenor τ = tβ − tα, priceMC(t, τ)R.Swaption is thus given by :
15The Zurich’s ESG provides a number of 30.000 scenario paths fot the interest rate
term structure.
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1nr sims
nr sims∑
s=1
df (0 , t , s)
 τ∑
j=1
df (t , t + j , s)(K − f (t , t + j , s))

+
 ,
(5.2)
where nr sims is the number of simulated paths, df (j , k , s) denotes the
discount factor known at time j for deflating the values from time k to time
j for simulation s, f (t , t + j , s) denotes the one year forward rate known at
time t from time t+ j − 1 to time t+ j for scenario s.
Since swaptions are very liquid contract and are traded by banks, the
above payoff could also be valued with the use of the Black pricing formula
(2.36). However this kind of valuation will not produce a best estimate.
Determining the price on the basis of a single scenario of interest rates and
a constant volatility parameter ignores the inherent dynamic behaviour of
guarantees. In this case, given the high sensitivity of the policy to interest
rate fluctuations, this can lead to an underestimate of the interest rate risk
involved in it.
The use of stochatic simulations remains the best way to value hedging
derivatives.
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Chapter 6
LMM in practice: The
Economic Scenario
Generator (ESG)
Zurich internally produces risk neutral1 and market consistent economic sce-
nario projections for annual periods from 0 to 40 years using a combination
of internally developed and Barrie & Hibbert2 proprietary tools. Scenarios
are intended to be used for Monte Carlo valuation, i.e. to give only a point
estimate of the expected present value of future cashflows for the reasons
explained before.
The model underlying the interest rate dynamics of the scenarios is the
well known Libor Market Model (LMM). This model is a multi-period model
that allows to calibrate explicitly and simultaneously the entire yield curve.
The volatility and correlation structure of each forward rate can be chosen
as a function of the maturity and as a (deterministic) function of time.
The model targets the reproduction of the initial deterministic yield
curve: i.e. the average across scenarios of the risk-free nominal Bond yield to
1Risk-neutrality is provided by the use of the deflators.
2Barrie & Hibbert is a UK based financial consulting company.
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maturity for each projection year should correspond to the market risk-free
yield curve (i.e. the so called deterministic/certainty equivalent scenario).
Furthermore the volatility parameters of the model are calibrated aiming for
the scenarios to reproduce observed market at-the-money swaption volatili-
ties.
The model assumes all forward rates are initially lognormal while over
longer time horizons they are approximately lognormal with a ”fat” right
tail. Sampling from this distribution increases the probability of dealing
with very high projected rates, which together with the 100% cap applied
may cause valuation errors in Monte Carlo pricing and failure in passing Risk
neutrality tests. Towards this aim, suitability analysis have been carried out
to check if scenarios are correctly fit for pricing purposes.
The main properties of the model are:
• Arbitrage free
LMM have arbitrage free dynamics.
• Reproduces the initial yield curve
LMM accepts the initial yield curve as a direct input as a set of forward
rates. This allows an accurate specification of the yield curve and permits
accurate replication of market bond prices.
• Reproduces Swaption prices
LMM can replicate a large proportion of the at-the-money swaption
volatility surface. Time and maturity dependent (deterministic) volatility
allow significant freedom in fitting at-the-money swaption volatilities prices.
However swaption volatilities implied by the scenarios fail to exhibit skew,
so accurately fitting in- and out of-the-money swaption volatilities is not
typically possible.
82
• Yield curve can change shape
The Barrie & Hibbert LMM includes two stochastic factors that drive
the behaviour of forward rates of different maturities with an additional
stochastic volatility factor. This allows for a rich universe of possible yield
curve shapes.
6.1 The ESG dataset
The market consistent calibration of the economic scenarios is based on
traded market instruments at the valuation date, wherever possible. This
includes nominal and real yield curves, equity and interest rate volatilities.
Where market data is not available or the market is not liquid enough,
the model calibration is based on best estimate assumptions3. One of the
market consistent assumptions flows directly into the Deterministic Risk-free
Scenario which is made of the market risk-free yield curve bootstrapped
from swap market data from Zurich Treasury Services and constitutes a
direct input for the creation of stochastic projections by the software B &
H (LMM).
The analysis presented here is for the stochastic scenarios as of June
2013 base and June 2013 with sensitivities (i.e.the base scenario stressed by
± 100 basis points) which will be used in the next chapter for the pricing
of Floor Options to value the cost of interest rate guarantees embedded in
Life Insurance Contracts.
The composition of the ESG dataset consists of 1000 Monte Carlo pro-
jections of the items given by the following table:
3Best estimate assumptions are used for correlations and property volatilities.
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Measure Description
CASH RNY PC Stochastic dynamic of annualised short rates
DEF VALN Stochastic Deflator
INFLATION IDX Inflation Index
EQUITY RNY PC Projected dividend yield
EQUITY RET IDX Equity Total return index
EQUITY GTH IDX Growth Equity index
PROPERTY RET IDX Property total return index
PROPERTY RNY PC Property returns
ZCB SPOT RATE PC Nominal Bond yield to maturity (1 to 30 years)
Table 6.1: ESG dataset
In details:
• CASH RNY PC
The cash return contains the projection of annualised short rates and
expresses the return of a short term investment over a one-year time horizon.
It is used to compute the cash index as:
CASHINDEX(t) = CASHINDEX(t− 1)(1 + CASHRNY PC) (6.1)
where CASHINDEX(0) = 1;
• DEF VALN
The Deflator consists of the inverse of the Cash index and it is used to
compute present values and change the probability measure;
• INFLATION IDX
The Inflation index is the inflation rate and can be used to price inflation
indexed securities or to project expenses;
• EQUITY RNY PC
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The Equity return represents the stochastic dynamics of the dividend
yield of an equity index and can be used to model the projected value of
non-reinvested earnings;
• EQUITY RET IDX
The Equity return index represents the stochastic dynamics of an equity
total return index comprehensive of dividend’s reinvestment;
• EQUITY GTH IDX
The Equity growth index represents the stochastic dynamics of an equity
index without dividend’s reinvestment;
• PROPERTY RET IDX
The Property return index represents the stochastic dynamics of a prop-
erty return index;
• PROPERTY RNY PC
The Property return is the return on the property index;
• ZCB SPOT RATE PC
The Zcb spot rate represents the annually compounded nominal spot
rate at the specified maturity as given by equation (2.10) considering t as
the timestep of the stochastic scenario :
Y (t, T ) = P (t, t+ T )−
1
T−t − 1 (6.2)
where P (t, t+ T ) is the zero coupon bond (Zcb) value at future time t with
maturity T. For t = 0, Y (0, T ) represents the interest rate term structure as
expressed in terms of yields to maturity. Zcb spot rates are used to compute
expected forward prices for the scenario.
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6.2 ESG suitability assessment
As already explained, scenarios are used within Zurich as the basis for mar-
ket consistent and arbitrage-free valuations of Life insurance liability cash-
flows. In order to confirm that they are fit for purpose, comprehensive checks
are applied. The purpose of these tests is to verify the characteristics of the
ESG’s output as of June 2013 in terms of Market consistency and Risk neu-
trality before starting with the Monte Carlo pricing of Interest Rate Options
on this scenario. In particular:
• Market consistency tests check that liabilities are valued by the eco-
nomic scenarios materially in line with observed market values of cor-
responding financial assets. That is they demonstrate that “projected
cash flows are valued in line with the prices of similar cash flows that
are traded on the capital market” and that “volatility assumptions
[are], wherever possible . . . based on those implied from derivative
prices.” The main tests performed are:
i Interest Rate Term structure convergence
ii Spot rate log-normality
iii Swaptions implied volatility
iv Equity options implied volatility
v Deflator convergence.
• Risk neutrality tests check that the stochastic scenarios are materially
arbitrage-free for individual asset classes, so that average present value
given by the scenarios of investing e 1 to any future point and then
discounting back is still e 1 for each asset class4.
4This test has been performed with particular attention for Zcb prices.
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6.2.1 Market consistency
One of the key features required for an economic scenario is to be market
consistent as this allows the Company to estimate assets and liabilities values
at market consistent prices and to valuate correctly the cost of financial
guarantees and options embedded in insurance contracts.
Interest rate term structure convergence
The term structure, obtained from the scenario as an average of interest rates
generated for all trials on each node,should reproduce the market interest
rate term structure. A comparison of the average term structure versus
actual one allows identifying possible discrepancies between the two items.
Ideally, differences between average and actual interest rates should be close
to zero. Figure 6.1 shows the curves calculated both for the Deterministic
and the Stochastic scenario:
As can be seen, projected rates are in line with Market ones (i.e. the green
line for stochastic rates and the light blue one for the deterministic overlap).
This also implies that the stochastic zero coupon bond prices match the
corresponding deterministic zero coupon bond prices for the nominal yield
curve on which scenarios are based (see also Deflator convergence).
Spot rate log-normality
In order to assess the assumption of normality in the distribution of log-
returns, an analysis has been carried out on the projected spot rates. In
a market consistent scenario, returns are expected to be log-normally dis-
tributed. As a consequence, the test verified that returns of the 1000 trial
actually follow, for each timestep, a log-normal distribution. In order to do
that, both qualitative and quantitative analysis has been performed. The
qualitative analysis is based on a graphical comparison between the empir-
ical distribution of returns and the theoretical one. The plots confirm a
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Figure 6.1: Deterministic and Stochastic rates comparison
log-normal behavior, both for short and long timesteps. For a quantitative
analysis, the Kolmogorov-Smirnov test5 has been carried out. P-values in
this case are higher than 0.05 (except for the latest timestep), leading to the
acceptance of the null hypothesis of log-normality. Kolmogorov-Smirnov
test P-values are reported in table (6.2.1).
Swaptions implied volatility
For a correct Monte Carlo valuation of options embedded in Life insurance
contracts, the volatilities implied by the stochastic scenarios should match
the corresponding volatilities observed on the market. For Zurich’s business,
interest rate volatilities implied by swaptions are much more relevant than
5The Kolmogorov–Smirnov test (K–S test) is a nonparametric test for the equality of
probability distributions that can be used to compare a sample with a reference probability
distribution.
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Timestep P-value Timestep P-value
3 0.53 22 0.70
4 0.94 23 0.53
5 0.98 24 0.61
6 0.72 25 0.08
7 0.89 26 0.33
8 0.92 27 0.40
9 0.97 28 0.42
10 0.94 29 0.20
11 1.00 30 0.28
12 0.48 31 0.15
13 0.60 32 0.17
14 0.72 33 0.15
15 0.91 34 0.07
16 0.94 35 0.05
17 0.85 36 0.01
18 0.44 37 0.01
19 0.93 38 0.00
20 0.46 39 0.00
21 0.51 40 0.00
Table 6.2: Kolmogorov-Smirnov test P-values
either equity or property index volatilities.
The swaption implied volatility for the scenario is calculated through
a comparison between the Black formula as given by equation (2.35) and
the Monte Carlo pricing. The Monte Carlo price for a payer swaption6
with term t and tenor τ, priceMC(t, τ)
P.Swaption, is calculated, similarly to
equation (5.2), by:
1
nr sims
nr sims∑
s=1
df (0 , t , s)
 τ∑
j=1
df (t , t + j , s)(f (t , t + j , s)−Kt,τ )

+

(6.3)
where nr sims is the number of simulated paths, df (j , k , s) denotes the
discount factor known at time j for deflating the values from time k to time
6The use of the Payer or Receiver swaption formula is equivalent for the purpose of
this analysis since the volatility of the ESG is calibrated to reflect at-the.money swaptions
volatilities.
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j for simulation s, f (t , t + j , s) denotes the one year forward rate known at
time t from time t+j−1 to time t+j for scenario s and Kt,τ is the empirical
at-the-money strike as given by equation (2.37) and derived for the scenario
as follows:
Kt,τ =
(1 + yt)
−t − (1 + yt+τ )−(t+τ)∑t+τ
j=t+1(1 + yj)
−j (6.4)
where yt is the deterministic nominal spot rate for term t.
To find the implied volatility surface it is necessary to solve the equation
below for σ, for all the combinations of terms and tenors:
PSBlack(0,Γ,∆, N,K, σα,β) = priceMC(t, τ)
P.Swaption (6.5)
To solve it one has to find the roots of the function:
f(σ) = PSBlack(0,Γ,∆, N,K, σα,β)− priceMC(t, τ)P.Swaption. (6.6)
The zeros are found by applying the Newton-Raphson algorithm7. The
difference between the implied volatilities thus calculated and those given
by the Market, with the respective levels of tolerance is shown by Figure
(6.2).
As can be observed, for at least some term/tenor combinations, differences
between the interest rate volatility implied by the stochastic scenarios and
that implied by market data are not within tolerance. Despite the sophisti-
cation of the LMM model used, it is not able to capture all the nuances of
the shape of the swaption volatilities. Further, the calibration is based on
at-the-money volatilities and this can be a problem when one has to value
guarantees which are instead ”in-the-money” for policyholders. In this case,
7The Newton-Raphson algorithm is a numerical method for finding the roots of a
function.
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Figure 6.2: ESG-Market interest rate volatility
a different kind of calibration, (i.e. in the money) would be desirable. To this
purpose, further checks are applied in the next chapter to see if the volatil-
ities corresponding to the level of guaranteed rates in insurance contracts
are closer to the at-the-money ones.
Equity options implied volatility
Similarly to what already described for the swaptions implied volatility, the
equity implied volatility embedded in the scenarios is calculated through
a comparison between the Black & Scholes formula and the Monte Carlo
pricing. The Monte Carlo prices for European call options for term t are
calculated by:
priceMC(t)
Call =
1
nr sims
nr sims∑
s=1
(
df (0 , t , s) [St,s −Kt]+
)
(6.7)
where nr sims is the number of simulated paths, df (0 , t , s) denotes the
discount factor for deflating the values from time t to time 0 for simulation
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s and St,s denotes the value of the underlying index (capital or property) at
time t for scenario s. Again, to find the volatility surface one has to find the
roots of the function (6.6) by substituting equation (6.3) with equation (6.7)
and, obviously, the relative Black & Scholes formula for swaptions with that
suitable for an equity/property call option. Figure (6.3) gives the results of
the performed test with the respective levels of tolerance.
Figure 6.3: ESG-Market equity implied volatility check
As can be observed, differences are very close to zero and within tolerance
meaning that ESG’s equity volatility is Market consistent.
Deflator convergence
In order for the scenario to exhibit Deflator convergence it is required for the
expected value of the deflator for a given maturity to converge to market
prices, where market prices are derived by the actual term structure of
nominal spot rates (i.e. the deterministic/certainty equivalent scenario).
To assess this, the average deflator across the 1000 trial is calculated for
each timestep according to the following formula:
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Deft =
∑nr sims
s=1 df (0 , t , s)
nr sims
(6.8)
where Deft is the average deflator for maturity t which is compared with the
corresponding price of the deteministic scenario. Actual comparison shows
deflator convergence towards Market prices (see Figure (6.1)8.
6.3 Risk neutrality
The underlying principle of a risk neutral valuation is that no risk-premiums
(either positive or negative) can be earned on the market; therefore the av-
erage present value of any investment in any asset class (or mix of asset
classes) over any time horizon should equal the initial value invested (stan-
dardized to one monetary unit, by assumption), otherwise not all the cash
flows projected would be actually paid from the initial fund of assets. In
other words, there would be a “leakage” of value.
In practice leakage is typically observed due to simulation error intro-
duced from the sampling of a limited number of discrete scenarios from a
(theoretical) continuous distribution or due to additional constraints im-
posed in the scenario projection (eg. the 100% cap imposed on projected
forward nominal interest rates Zurich’s methodology). The following test
verifies wheter the no-arbitrage property holds for the stochastic scenario
under assessment.
Martingale index
The martingale index represents how close to risk-neutrality are scenario
returns. The idea leading to the construction of this index is that every
asset should, on average, have a return which is comparable to a risk-free
8Actually, the comparison is on rates. Spot rates derived from average deflators, for
each timestep of the stochastic scenario, are compared to deterministic risk free yields to
maturity.
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return. For a zero coupon bond of a selected duration, the index is calculated
as:
Ms,t(d) = df (0 , t , s)
t∏
j=1
ZCBd(j − 1)
ZCBd−1(j)
(6.9)
where Ms,t(d) is the time-t martingale index for scenario s and duration d,
df (0 , t , s) is the deflator for maturity t and scenario s, ZCBd(j) is the value
of a Zero coupon bond at time j and duration d. This index represents the
return of a particular investment strategy in which one has to hold the Zero
Coupon Bond with certain duration up to the end of the year, sell it and
buy a new one with the same duration for the following year (i.e. a roll-over
approach). By taking the average over the scenarios of this index (AVG
index) one expects a unitary present value, indicating a return in line with
the risk-free return.
In general, to pass a martingale test the following criteria should be met:
• The AVG index should be sufficiently close to 1
• All confidence intervals include at least 95%
• There should be no obvious trend (i.e. sloping upwards/downwards).
Figures (6.4),(6.5) and (6.6) show the plots of this index for key dura-
tions, i.e. 5 years, 10 years and 15 years ( lower and upper boundaries of
the confidence intervals are calculated as 99,75% and 2,5% percentiles of a
standardised normal distribution).
As can be observed, up to 30 timesteps the martingale test is passed for
key durations, while from 30 onwards it fails showing an explosive upward
trend. However, given that Life insurance products have durations lower
than thirty years, also the risk neutral assumption can be confirmed.
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Figure 6.4: AVG index for duration five yrs
Figure 6.5: AVG index for duration ten yrs
Are scenarios fit for purpose?
Since Market consistency and Risk neutrality tests are passed, one feels con-
fident to state that scenarios provided by Zurich’s Mother House to Business
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Figure 6.6: AVG index for duration fifteen yrs
Units are fit also for Pricing purposes. The analysis continues by first show-
ing Zurich’s investment strategy (how the company manages the premiums
earned by policyholders) and then by performing the Monte Carlo pricing
of Options on the scenario under assessment and on the stochastic scenario
as of December 2012 with the aim to hedge the interest rate risk to which
the company’s guarantees are exposed to.
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Chapter 7
Zurich’s management of Life
Insurance Guarantees
Beyond guaranteed rates, the returns on Zurich’s Life insurance products
are tied to the returns of the company’s Segragated Funds which manage
the premiums of the largest part of Life Insurance products. In this view
the company offers a comprehensive range of investment opportunities to
the policyholder who is protected against possible bad economic conditions
joining the favourable ones (the cap on possible earnings due to favourable
financial market conditions, if there are any, is potentially infinite while the
floor is generally given by a minimum guaranteed rate). As a benchmark
for the analysis of Zurich’s investment strategy, the VIS fund (i.e. Fondo
Valore Investimento Sicuro) has been chosen. In particular, an analysis on
the fund’s returns stochastically projected within the scenario shows that
guaranteed rates are much higher than fund’s one at least up to twenty years
(i.e. guarantees are ”in-the-money” ) meaning that the company may have
difficulties in affording future policyholders claims unless such liabilities are
hedged against the interest rate risk to which are exposed.
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7.1 Main KPIs
The VIS fund has an average guaranteed rate of 3,14% (the highest compared
to the other funds) and a duration of liabilities cashflows of seven years1.
Mathematical reserve as at 31/12/2012 is e 1,165.34 millions and the Time
Value of Options and Guarantees (TVOG) is e 21,45 millions showing a
relatively low impact of stochastic modeling on the market value of liabilities.
This is due to the current market conditions characterised by low interest
rates, so the stochastic component of the scenarios is not significant per
se in the evaluation with respect to the deterministic one2. The 90% of
the mathematical reserve reaches run-off after twentyone years, while the
duration for the premiums’ reinvestment strategy is focused on a fixed time
horizon of 10 years. The portfolio mainly consists part of Government bonds
(82%), while the remaining value is equally split between Corporate bonds
(9%) and Equity investments (9%). Figure (7.1) shows the asset allocation
of the fund.
Given the above features, some preliminary considerations can be high-
lighted:
• The asset allocation suggests it would be appropriate to focus the
analysis on projected bond returns to verify both the coherence of the
stochastic scenario used to estimate the market value of liabilities and
to detect the level of ”moneyness” of policyholders’ guarantees.
• In assessing the general suitability of the scenario and performing the
tests, special attention should be reserved to bonds with maturities
close to 7 years consistently with the average duration of the portfolio
1Duration has been calculated considering the cashflow structure of liabilities and using
as discount factor the risk-free interest rate.
2The impact of low interest rates is caught primarily by the deterministic scenario.
This causes an increase in the market value of the assets for the deterministic component
larger than the stochastic one.
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Figure 7.1: Asset Allocation
and 10 years cosistently with the reinvestment strategy.
• For the same reason, the implied volatility of swaptions with equivalent
tenor (e.g. 7 years and 10 years ) should be specifically checked for
strike prices corresponding to minimum guaranteed rates.
7.2 Segregated fund rates
The following graph shows the behavior of fund rates (average guaranteed
rate, fund returns) compared with the annualised spot rates of the deter-
ministic scenario. The fund return remains below guaranteed rates until the
13th year, with an initial difference of more than 1%. This implies that, at
least for the first years of projection, returns generated by the scenario would
rarely exceed the guaranteed level (i.e. guarantees are ”in-the-money” for
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policyholders). The situation seems to converge only after twenty years.
Figure 7.2: Rates comparison
The rates comparison also highlights the fact that the permanent reinvest-
ment strategy of 10 years creates a so-called ”duration mismatch”3 between
assets and liabilities leading to an increase of the fund’s exposure to interest
rate risk.
7.2.1 Structure of minimum guaranteed rates
Table 7.2.1 analyses the structure of minimum guaranteed rates and their
run-off in terms of mathematical reserves.
Where ” Tech rate + MG ” stands for Technical Rate4 plus Minimum Guar-
3This term will be explained in a while.
4The technical interest rate is used for the calculation of the mathematical reserve. At
regular intervals, the Swiss Financial Market Supervisory Authority (FINMA) determines
the upper limit for the technical interest rates to be applied by Insurance Companies.
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Tech Rate+MG %Math.Res TTM YieldTM 90%Run-off
2,00% 7,2% 33 2,37% > 40
2,50% 29,3% 8,70 1,86% 19
3,00% 22,3% 8,28 1,96% 15
4,00% 39,8% 6,31 1,94% 8
5,00% 1,4% 2,60 1,69% 6
Table 7.1: Guaranteed rates structure
anteed Rate, ”TTM” for Time to Maturity and is the average time to ma-
turity calculated where the time is weighted by the increment of the mathe-
matical reserve for each year of the projection period and finally the ”Yield
to Maturity” is the average yield to maturity of the fund.
By analysing the table above one can see that a relevant portion of the
portfolio (39,8% of mathematical reserve) has an overall guaranteed rate of
4,00%. However, only 10% of the initial 4,00% guaranteed mathematical
reserve is still in portfolio after 8 years. While the second guaranteed level
in order of significance is 2,50% with 29,3% of mathematical reserve and a
period of nineteen years in terms of 90% of run-off. The Figure 7.3 shows
the volume of mathematical reserves split by guaranteed rates.
As can be seen from the figure, the weights of the guarantees around 4,00%
and 2,50% are rather consistent for the company .
7.3 The ESG impact on liabilities
As stated before, to verify the suitability of the stochastic scenarios used to
give best estimates for liabilities given the structure of Zurich’s Segregated
Fund portfolio composition and the reinvestment strategy, two further anal-
ysis have been carried out. The first is an analysis of Market Consistency
against the actual profile of guaranteed rates which is performed by calcu-
lating the implied volatility of the scenario at different strike prices and the
second one is an analysis of Risk Neutrality. Martingale tests, already per-
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Figure 7.3: Mathematical reserves split by Guaranteed Rates
formed for some sample durations for the stochastic scenario as of June 2013
are reperformed with the stochastic scenario as of December 2012 in order
to respectively match the portfolio duration and the fund’s reinvestment
strategy.
7.3.1 Swaptions volatility
A deeper analysis of swaptions implied volatility has been performed for two
significant tenors, 10 and 7 years using the same methodology underlined
in chapter 6, i.e. by first equating the Monte Carlo prices to the Black &
Scholes equations and then solving for σ. The first tenor equals the duration
of the reinvestment strategy, the second one equals the duration of the port-
folio of liabilities (considering the symmetry of the volatility surface). The
implied volatility of such swaptions is calculated for different strike prices,
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in order to capture the behavior of corresponding guaranteed rates on insur-
ance contracts. In line with the structure of the fund’s guaranteed rates, the
chosen strike prices are 2.00%. 2.50%. 3.00%. 4.00%. 5.00%. The figures
below show the results.
Figure 7.4: Swaption volatility (tenor 7 years)
The volatilities are compared with the volatility of the at-the-money (ATM)
options. The graph shows that implied volatilities are generally in line with
the at-the-money volatility. Only 4% and 5% show a slightly different pat-
tern which, in any case, is not significant.
7.3.2 Martingale test for specific durations
As in the analysis of swaptions implied volatility, the chosen durations are 10
and 7 years in order to respectively match the fund’s reinvestment strategy
and the portfolio’s duration. The methodology for the construction of the
test is the same as that underlined in chapter 6 for the ESG’s suitability
assessment on the 2013’s scenario. The following figures show the results.
The martingale test of a 10-years duration bond is passed for each timestep.
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Figure 7.5: Swaptions volatility (tenor 10 years)
Figure 7.6: Martingale test for the reinvestments strategy
For a 7-years duration bond, the confidence interval does not include 1 after
the 38th timestep. However, the issue does not appear relevant considering
the discussed features of liabilities.
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Figure 7.7: Martingale test for portfolio duration
7.3.3 Final Remarks
The analysis of the VIS fund has shown from the one hand that scenarios
are well calibrated to value Zurich’s liabilities and give best estimates5 for
the portfolio composition of the company, on the other that most of the
guarantees are ”in-the-money” as the expected returns of the fund are lower
than the guaranteed rates on Life products.
From these findings, the need to find the costs of the most interest rate
sensitive guarantees becomes essential for the company’s solvency valua-
tions. Towards this aim, the following chapter is dedicated to the pricing of
interest rate options as financial instruments able to offset the interest rate
risk connected to policies with profit sharing rules and surrender options
which, in this view, appear as the the most dangerous.
5Because of the Market Consistency and Risk Neutrality tests passed.
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Chapter 8
Option pricing and hedging
of Minimum Return
Guarantees
Life insurance products with a guaranteed interest rate are important com-
ponents of Life insurance business. Quantitative impact studies conducted
in preparation for Solvency II reveal firstly that these guarantees have a
substantial value, and secondly that their value is subject to a large degree
of interest rate risk due to their long maturity. Consider, for example, a
long low-interest rate period during which the long-term guarantees need to
be maintained by investments in short-term bonds. This situation creates a
risk for the life insurer when the interest rate earned on the bonds does not
cover the guaranteed interest rate on the insurance contracts. The interest
rate risk can be managed either by adequate structuring of the investments
(duration matching of assets and liabilities) or by equity capital backing. In
practice, the maturity of bonds that are used to “hedge” the interest rate
risk is usually significantly shorter than the maturity of the issued guaran-
tees. In the Solvency II standard model, the resulting duration mismatch
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requires additional capital backing in the event of decreasing interest rates.
The increase in technical provisions 1 can be balanced only if the interest
rate risk is perfectly managed. Generally, such a perfect match is difficult
to attain. Thus, Solvency II sets strong incentives for cautiously manag-
ing interest rate risk so as to avoid an increase in technical reserves and in
required equity backing liabilities.
8.1 Background
The impact of lower interest rates on investment portfolio valuations and
returns depend on the structure of the portfolio. As already shown, Zurich’s
segregated funds’ portfolios are for the largest part allocated to bonds whose
values are positively affected by a reduction in interest rates and Zurich’s
long-dated, interest-rate-sensitive liabilities have, instead, a negative du-
ration gap with assets. As a general rule, when the maturity of liabilities
exceeds those of assets, a period of low interest rates poses challenges for the
Asset & Liability management in that current lower-yielding assets may fail
to meet the return assumptions made in the past. An important challenge
arises because Zurich has made explicit return guarantees and provided em-
bedded options to policyholders. Such embedded options may become more
“in-the-money” as time progresses and interest rates stay low.
8.2 Floor pricing to hedge a fixed premium policy
A Fixed Premium policy is made by annual fixed premium payments usually
associated with guaranteed minimum returns to policyholders. The lowering
of rates below the garanteed ones may render difficult, if not impossible,
meeting their claims. In this view an investment strategy able to offset the
1The technical provisions(i.e. technical reserves) held by insurance enterprises consist
of the actuarial reserves against outstanding risks in respect of life insurance policies.
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interest rate risk (i.e. an hedging strategy) could be advisable. From here
the idea to price Floor options to get an estimate of the cost of such policies
under the uncertainty of future possible economic environments as modeled
by the ESG’s stochastic scenarios. The offsetting position in put interest
rate options would act as a ”shield” for the insurer against the lowering of
rates. In fact, if on the maturity of any of the Floorlets the reference rate
is below the guaranteed minimum one, he receives the amount of money
necessary to cover the difference between the the two. In this way, the
company locks in a guaranteed floor rate, RfloorGmr, which is exactly the
guaranteed minimum return of the insurance contract. Thus, the only cost
to sustain is the cost of hedge.
The analysis has been carried out using the Market consistent and Risk
neutral stochastic economic scenario as of June 2013 base and the stressed
scenarios of ± 100 basis points for the same valuation date. The Monte
Carlo price for a term t Floorler with notional given by a fixed premium
policy, priceMC(t)
Floorlet, is calculated by:
P t−1∑
j=0
(1 +RfloorGmr)j
[ 1
nr sims
nr sims∑
s=1
(
df (0 , t , s)
[
RfloorGmr − Y (t, t+ 1, s)]
+
)]
(8.1)
Where P is the annual premium kept constant, nr sims is the number simu-
lated interest rate paths, df (0 , t , s) denotes the discount factor for deflating
the values from time t to time 0 for simulation s (i.e.the deflator), RfloorGmr
is the guaranteed investment (or minimum) return, Y (t, t + 1, s) is the an-
nually compounded nominal spot rate at time t with maturity one year for
scenario s (Zcb spot rate in the ESG dataset), t ∈ [1, 40] denotes the number
of timesteps in years per scenario file.
Equation (8.1) gives a point estimate of the hedging cost per timestep
(year). The total hedging cost for a given investment horizon from one up
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to forty years is given by the Monte Carlo price of a Floor option computed
as sum of Floorlets over the considered timesteps:
priceMC(t)
Floor =
t∑
j=1
priceMC(j)
Floorlet. (8.2)
The table below shows the Floor prices thus calculated for an annual pre-
mium of e 1000, investment horizons (i.e. maturity of the policy) of 5,
7, 10, 15, 20 years and guaranteed rates of 0%, 1%, 1,5%, 2% and 2,5%.
Calculations have been performed using the stochastic scenario as of June
2013.
Figure 8.1: Total hedging cost (Base results)
As can be seen from the table above, offering the 0% to the policyholder
costs always zero (note that this is the trivial case of the cost of the ”policy
per se”, without investment returns). This result is explained by the fact
that projected rates are strictly positive therefore whatever the reference
rate will be in the future, the price of the floorlets (and hence of the floor
option) will always be zero meaning that hedging is superfluous. However,
as the guaranteed rates increase as well as the life of the insurance contract,
the hedging cost gets higher. This result is both ”natural” and realistic.
It is ”natural” from a mathematical point of view because increasing the
strike of a put option means widening the supremum of the range of possible
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fluctuation in the underlying, so increases the probability of a positive payoff
at maturity. It is also realistic because the higher the guaranteed return,
the higher should be the cost of hedging the liabilities of the policy. To
better understand the impact of such quantities, the following figures show
the hedging costs in percentage of premiums invested split by guaranteed
rate for two possible investment horizons.
Figure 8.2: Hedging cost spilt by Guaranteed Rates (5 yrs)
The two charts dramatically show the weights of the guarantees 2% and 2,5%
over the considered maturities (they occupy more than the three-quarters of
the pies !). It is also interesting to note that passing from five to ten years
the percentages remain stable also if the amounts in absolutes get higher.
The overall joint effect ”maturity-guaranteed rate” can be seen from Figure
(8.4). As expected from Figures (8.1), the peak of the mapped values is
111
Figure 8.3: Hedging cost spilt by Guaranteed Rates (10 yrs)
reached for the couple investment horizon 20 years and minimum return
2,5 %. It amounts to a 4,5% of the total of the flow of premiums invested.
The use of a risk neutral valuation requires sensitivity analysis (e.g. IR ±
100bps) to assess uncertainty or impact of changes in market conditions.
To this aim the computations have been reperformed by using the stressed
interest rate projections. The table below shows how costs would change
under a shock of +100 basis points to the simulated nominal yield curves.
As expected, the improvement in future economic conditions leads to a sig-
nificant reduction in the hedging costs which needs to be sustained to cover
the liabilities of the policy. Of course the cost of the 0% remains zero, but all
the other costs are almost halved. In this case the couple 20 years and 2,5%
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Figure 8.4: Total hedging cost cobweb graph
Figure 8.5: Total hedging cost (100 Basis Points up)
of minimum return passes from a 4,5% to a 3,1% of total cost per premiums
invested. Finally, the shift of -100 basis points produces the results as in
Figure(8.6).
In this case the schock on the base scenario produces very bad outcomes since
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Figure 8.6: Total hedging cost (100 Basis Points down)
some costs doubles and some almost triples with respect to the base ones.
Just to give an idea think that the percentage for the chosen benchmark
couple (20 years and 2,5% of minimum return) here is about 8,6% againts
the 4,5% of the central scenario. No surprise, this is the worst possible
situation in wich all rates are shifted by 100 basis points down but still
remain strictly positive2.
8.2.1 Final Remarks
Computations have been performed with the help of the electronic Spread-
sheet Excel3. The costs thus found overestimate the real cost of hedge since,
by now, lapse rates have not been taken into account. It is interesting to
note that Zurich Corporate Center does not permit to buy assets for hedg-
ing purposes4, therefore the objective of this work remains the possibility to
highlight the fact that contractual features of policies which can ”promise”
very high returns are not sustainable unless by ”spending too much”, i.e.
by increasing the level of reserves each year. And this, of course, cannot be
done, given the actual company’s portfolio composition and its high sensi-
2It would be very challenging model liability cashflows with negative rates, for this
reason a floor of 0% is applied to projected rates.
3The relative programming codes can be found in the Appendix A to this document.
4Holding the triple A in Credit Ratings means for Zurich avoid investments which are
perceived as risky, e.g. equity or interest rate options.
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tivity to interest rate fluctuations.
Going further, the second part of this chapter is dedicated to a stylized
example of duration matching between assets and liabilities. The investment
horizon has been chosen to be 10 years to reflect the reinvestment strategy
of the company’s segregated fund VIS. Reflecting the scope of the previuos
one, this exercise has the aim to give an estimate of the costs of sustaining
an hedging strategy against the possibility that the assets’ returns are not
able to cover the liabilities generated by a single premium policy. This, in
fact, may happen also in the ”happy case” of a perfect duration match if
the policyholder is given a surrender option.
8.3 Duration matching on a single premium policy
with surrender option
A single premium policy is made by a substantial single premium payment
over the entire life of the contract. Guaranteed investment returns and
lapse for the policyholder may render this kind of policy challenging to han-
dle for the company’s Asset & Liability management. In fact, the liabilities
it produces usually have a duration mismatch with those of assets and cre-
ate additional capital solvency requirements lowering shareholders’ profits.
However, also in the case of perfect duration matching there is an additional
element of uncertainty: the possibility for the policyholder of getting out of
the contract before its expiry (i.e. the possibility of surrender) creates the
same kind of problem seen before, i.e. the return on the assets of the seg-
regated fund’s portfolio may not cover the guaranteed investment returns
of the policy. Notice that this is nothing but a generalisation of the previ-
uos exercise. In this case, however, to get an estimate of the costs of the
hedging strategy it has been chosen to price a Put Option on a portfolio of
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bonds5. This choice is dictated by the assets’ composition of the segregated
fund VIS seen before. Some simplifying assumptions have been set for the
analysis: the portfolio is made by a unique fixed coupon bond bought at
its face value (i.e.at par) with the premium earned on the policy, it has a
maturity of 10 years corresponding to the life of the insurance contract and
coupon rates are derived implicitly from the ESG’s deterministic scenario as
of December 2012. The effective duration of the asset is 5,16 years 6 while
that of the policy’s liabilities is around 5,01 considering as benchmark the
0% of minimum return guarantee. The latter has been calculated by means
of the liability cashflows each year reduced by the percentage of lapses of the
previous year, therefore by considering the percentage of policy ”in force”
for that period. Translated in algebraic terms, this amounts to take the
product between the premium and the probability of survival of the insurer
whitin the pool. The cost of the hedge for each timestep of the stochastic
scenario is given by the price of a put option whose strike is the premium
revalued at the guaranteed return rate and whose underlying is the portfolio
value. The price of the option is weighted by the probability of surrender
during that year.
8.3.1 Implied Coupon rate
Set yt for the yields to maturity of the Deterministic Scenario as of YE
7
2012 with t ∈ [1, 10] . The implied coupon rate on the fixed bond sold at par
can be found by solving the following equation in the variable c:
PV =
10∑
t=1
cF
(1 + yt)t
+
F
(1 + y10)10
(8.3)
5Note that the Bond Option hedges against both possible increases or decreases in
interest rates since fluctuations in projected rates are reflected in the Bond valuation.
6The effective duration has been calculated considering a shift of +10 basis point to
the yield curve in line with Zurich’s methodology for the calculation of the replicating
portfolios’ assets duration.
7YE stands for year end.
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Equation (8.3) is the ”empirical” present value equation as given in Chapter
2 by (2.23): PV stands for present value, F is the face value of the bond
and c the fixed coupon rate payed yearly. Since by assumption it is sold
at par and PV is equivalent to F, one can easily solve it in the variable c
getting the coupon percentage of the nominal value :
c =
PV − F
(1+y10)10∑10
t=1
F
(1+yt)t
. (8.4)
8.3.2 Bond pricing
A further step of the analysis consists in finding the market value of the
fixed coupon bond over the stochastic scenario for some chosen timesteps.
The Monte Carlo price for a generic term T fixed coupon bond is given by
the following equation:
priceMC(T )
Bond =
1
nr sims
nr sims∑
s=1
 T∑
j=1
Fc
(1 + Y (t, t+ j, s))j
+
F
(1 + Y (t, t+ T, s)T )

(8.5)
Where nr sims is the number of simulated interest rate paths per scenario,
F is the bond’s face value, c the coupon rate and Y (t, t+T, s) is the annually
compounded nominal spot rate (Zcb spot rate in the ESG dataset) at time
t with maturity T for scenario s. The figure below shows the market values
of a fixed coupon bond sold at par with face value e 1000 and maturity T
equal to ten years calculated as above over ten timesteps of the stochastic
scenario.
As can be seen from the plot it is a sort of parabola. This is due to the joint
contribution of two factors. On the one hand the lognormal distribution of
the ESG produces very high projected rates which negatively affect the bond
price. On the other one, as time elapses and the maturity gets closer, the
value of the bond increases coming back to its face value. This double-effect
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Figure 8.7: Market value of a par fixed coupon bond
produces that kind of parabola shape which is consistent with Market data.
The Monte Carlo Bond Price thus calculated will be used after for the
analysis of the results on the hedging costs.
8.3.3 Hedging strategy on the single premium policy
To match the liabilites of this contract the company has bought a fixed
coupon bond with perfect match on the duration of the policy. However, as
stated before, the value of this financial instrument may not cover, during its
life, the accrued debt dued to a possible surrender by the policyholder before
the end of the contract. To this aim the purchase of a put option on this
portfolio can hedge against interest rate fluctuations which may cause losses
of market value of this asset. The Monte Carlo price for a term t option on
a portfolio made by a fixed coupon bond, priceMC(t)
PortfolioOption, is given
118
by:
1
nr sims
nr sims∑
s=1
df (0 , t , s)
[
P (1 +RfloorGmr)t − W¯ (t, s)]
+
s(t), (8.6)
where nr sims indicates the number of simulated interest rate paths per
scenario, t ∈ [1, 10] the numer of timesteps, df (0 , t , s) the discount factor
for deflating the values from time t to time 0 for simulation s, P the single
premium payed by the policyholder, s(t) the probability of surrender for
timestep t and W¯ (t, s) the time t portfolio value seen as the sum of the
market value of the bond with residual maturity 10 − t for simulation s,
price(10− t, s)Bond, and the the fixed coupon payments already earned and
compounded at the cash return rate :
W¯ (t, s) = cF
t−1∑
j=0
(1 + CASHRNY )j + price(10− t, s)Bond. (8.7)
Equation (8.6) gives a point estimate of the hedging cost per timestep t.
The total cost of hedge over an investement horizon of ten years is given by
the sum of the Monte Carlo prices as follows:
TotalCost =
10∑
t=1
priceMC(t)
PortfolioOption. (8.8)
8.3.4 Surrender probability
Figure (8.8) shows the lapse rates as fournished by Zurich’s internal database
with the derived survival probabilities (i.e. percentage of policy ”in force”)
and the relative surrender probabilities.
To show how surrender probabilities s(t) are derived set l(i) for the lapse
rate of the i− th period, for i ∈ [1, 10]. Note that to the first period, which
119
Figure 8.8: Lapse and Surrender Outgo probabilities
in the stochastic scenario corresponds to the first timestep t = 1 (i.e. 2013),
is associated a zero lapse rate which is a characteristic of insurance policies
with surrender option. To the last one, t = 10 (i.e. 2022), the probability
associated is one because of the end of the contract’s life. Define p(t) as the
probability that the insured person stays within the pool till period t (i.e. it
can be viewed as the percentage of ”policy in force” for that period). Hence:
p(t) =
t∏
i=1
(1− l(i)). (8.9)
The surrender probability s(t), that is the probability that the contract
reaches time-t without surrender and only at time-t surrenders, is given by:
s(t) = p(t)l(t). (8.10)
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With these data and assuming, for simplicity, a constant cash return of 1%
and a premium P of e 1000, one can calculate equation (8.6) for all the
timesteps finding the total cost of hedge given by equation (8.8). Figure
(8.9) shows these results.
Figure 8.9: Hedging cost on a single premium policy
As can be observed, the cost of hedge per timestep t = 1 is zero on the
whole range of guaranteed returns while for timestep t = 10 is very high
for the 2% and 2,5% of guaranteed rates (note that these returns are higher
than the implied return of the hedging asset which amounts to 1,84% ) and
zero for the others. This because the premium revalued at those rates is
not matched by the portfolio value and l(10) = 1 (i.e. the surrender outgo
percentage concentrates to the latest timestep). The cost per year is almost
decreasing except for some values around timesteps t = 3, t = 4 and up
to t = 7 for the 2,5% of guaranteed return. This effect is mostly dued to
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the parabola shape of the bond’s market value used to hedge the policy’s
liabilities. In fact the cost is relatively high when the price of the bond
is low and reduces when the bond value gets closer to maturity. However,
recall that the portfolio value, as specified by equation (8.7) is given by the
joint contribution of two factors, namely the bond’s price and the sum of the
coupon already earned and capitalized at the cash return rate. Therefore
one cannot a priori determine, in particular for the intermediate timesteps of
the stochastic scenario, which one of the two factors prevails for the option’s
valuation.
Figure (8.10) shows the percentage of ”moneyness” of the guarantee per
timestep of the stochastic scenario:
Figure 8.10: Percentage of moneyness of the guarantee
The percentages associated to the 2% and 2,5% of guaranteed investment
returns are very high and reaches the 100% around the final nodes. This
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means that also if the bond has achieved its maturity paying back its face
value and the last coupon rate8 maximizing the hedging portfolio value
W¯ (t, s), the latter is still not able to offset the premium revalued at those
rates for all the simulated paths of the stochastic scenario (i.e. the guarantee
is deeply in-the-money). This mismatching in values of the 100% translates
into the positiveness of the option’s payoffs for all the scenario’s paths.
The table below show the results of the same analysis but doubling lapse
rates9.
Figure 8.11: Hedging cost with double lapses
It is easy to see that all costs are almost doubled exept those of timestep
8The price of the asset is deterministic for both the first and the last timestep of the
stochastic scenario for the assumption made at the beginning (i.e. the fact that it sold at
par).
9Reasons for surrender could be that, for example, the policyholder needed cash or
couldn’t afford the premium. In the case of a profit sharing rule, surrender may also
be triggered by bad investment performances of the segregated fund which manages the
policy.
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t = 10 which are slightly reduced (the same applies for the total cost of
the 2,5% guarantee). The explanation of this ”wierd” effect relies on the
increase in lapse rates. In fact, if less policy holders stay within the pool the
percentage of policy in force reduces and also the surrender probability for
the last timestep which passes from a 78% to a 61%. It is interesting to note
the fact that the higher is the guarantee offered and in particular for the
rates above the implied coupon rate, the better is for the company observing
an increase in lapse rates since the cost of the guarantee get reduced. The
two results, base and double lapses in comparison are shown by the following
figure.
Figure 8.12: Hedging cost comparison (Base vs Double lapses)
It is possible to see, also in this case, the magnitude of the values associated
to the higher returns 2% and 2,5 % for which the duration matching fails.
This casts some doubts on the possiblity for the company to guarantee such
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rates given the economic conditions modeled by the ESG.
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Chapter 9
Conclusions
Interest rate derivatives may serve two broad purposes: eliminate/mitigate
the risk connected to interest rate volatility (i.e. hedge the interest rate risk)
and/or provide more effective administration of a portfolio without the need
of effectively buy them (e.g. Risk management of the portfolio). If properly
used they can be a powerful tool for those needs, but if misused they can
cause huge damages. In this view, the accuracy of the pricing technique
used to value them becomes crucial. For this reason, the aim of this work
has been to show how to correctly price these derivatives with two different
techniques suitable for the purposes above mentioned and applied within two
different contexts. The first of the two methods, namely the Black’s formula
for Caps and Floors has been used to solve the Province of Pisa case and
verify the presence of cost implicit in the derivative contract bought with
the aim to hedge possible future increases in interest rates.
The second one, the Monte Carlo Option pricing technique has been
used to value the cost of guarantees with minimum investment returns and
surrender options embedded in Zurich’s life insurance contracts. These kind
of policies are very interest rate sensitive and their cashflows, in most cases,
are not easy to replicate for valuation/risk assessment purposes. For this
reason, the need to resort to stochastic simulation and Monte Carlo method
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has been necessary.
From the pricing of two hedging strategies based on interest rate op-
tions it has been underlined that the costs related to the 2% and 2,5% of
guaranteed minimum returns are very high given the portfolio composition
of the company. Further, the use of a replication/hedging approach with a
Market Consistent and Risk Neutral valuation has been of help not only in
calculating the fair value of the liabilities but also in understanding what
would have been the appropriate amount of risk capital required to absorb
the unmatched asset/liability fluctuations .
Specific final remarks follow.
9.1 Final remarks on the Pricing of the Collar Op-
tion
The case of the Province of Pisa vs Dexia and Depfa Banks is, at a first
glance, the case in which the accuracy of the pricing technique used ”mat-
ters the most” because of the fact that the hedging derivative was really
purchased and not only used for risk assessments/valuations, which, instead,
were done after because of the borne of the dispute between the counterpar-
ties of the agreement. The final jurisprudence of the Italian Administrative
Court, with the help of the appointed technical expert Roberto Angeletti,
pointed out that the bond issue, coupled with the swaps derivatives, could
be deemed ”economically convenient” for the Province, which by issuing
the bonds and entering into the related swaps would be better off than it
was under the pre-existing indebtedness. Further, the banks, counterparties
to the Province, had no duty to disclose the implicit costs under the then
applicable regulatory framework, in light, amongst other things, of the fact
that the Province had selected them through an auction process.
The results of the analysis set forth in this work confirm the experts’
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judgment on the unfairness of the up-front set to zero by the two banks and
presents in details a financial analysis of the case.
9.2 Final remarks on the Pricing of the Life Insur-
ance Guarantees
Taking decisions is a very difficult task. Within a Life Insurance company
they are implemented in a Life Actuarial Model that is used to project pos-
sible future cashflows for assets and liabilities and their interactions through
the use of stochastic projections of economic variables. Management of the
company can take decisions in reaction to the model’s evolving in view of
future informations and results generated by the model itself. Such man-
agement actions would then affect the model projected cashflows.
In relation to the Head of the Life Risk & Capital Analysis Italian Busi-
ness Unit participation business, the major part of the management actions
is related to:
• Strategic asset allocation
Each year the company receives guidelines from Mother House as re-
gards the investment strategy of assets grouped in three cathegories,
i.e. equity, government and corporate bonds and implement them
through the coordinates received. The guidelines set up the invest-
ment limits and the credit quality for each asset class.
• Target return
A specific scenario and calendar year dependent target return shall
be set for each with -profit segregated fund. In order to meet it,
the actuarial platform shall invest/disinvest assets, realising gains or
losses, according to a defined prority order. For example, in the case of
the VIS fund, to reach the target of the average minimum guaranteed
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rate assets should be sold to realise possible gains and increase the
fund’s returns.
• Changes to premiums and other policy aspects
The company can decide to change the guaranteed rate to be accrued
on future premiums following the segregated funds’ returns as pro-
jected by the actuarial model itself.
The results of the analysis set forth in this work defines what in the
actuarial jargon are called new ”model points”1. A revise of attainable
target returns and changes to premiums and policy aspects may be needed
given the costs of the higher guarantees embedded in life insurance contracts
and the high sensitivity of the company’s portfolio to the interest rate risk.
The idea is that of having new model points for future management
actions. In this view, designing new products whose prices properly allow
for the value of the guarantees will be important to optimize the trade-
off between risk and reward for shareholders and lower capital solvency
requirements. This constitutes Zurich’s primary objective.
1The ”model points” of the Actuarial Model are defined as the variables which char-
acterize a policy. They are used to cluster the policies in macro classes and stochastically
project their cashflows.
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Chapter 10
Appendix A: Macro scripts
Part I
Bootstrapping the yield curve via swap
Private Sub CommandButton1 Click()
Dim R(29) As Double
Dim RSW(29) As Double
Dim sigma As Double
Dim tasso sconto(29) As Double
Dim value inf As Double
Dim value sup As Double
Dim index inf As Double
Dim index sup As Double
Dim delta As Double
’carica i tassi swap nel vettore RSW
For k = 0 To 29
RSW(k) = Cells(k + 7, 3).Value
Next
’ inizio routine di interpolazione su RSW
For t = 0 To 29
If RSW(t) = 0 Then
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index inf = t - 1
value inf = RSW(t - 1)
For m = index inf + 1 To 29
If RSW(m) <> 0 Then
index sup = m
value sup = RSW(m)
delta = (value sup - value inf) / (index sup - index inf)
For n = 1 To (index sup - index inf - 1)
RSW(n + index inf) = RSW(index inf + n - 1) + delta
Cells(7 + index inf + n, 3).Value = RSW(n + index inf)
Next
GoTo esci
End If
Next
End If
esci:
Next
’ fine routine di interpolazione su RSW
’ calcolo interessi e scrittura della tabella
R(0) = RSW(0)
Cells(7, 4).Value = R(0)
tasso sconto(0) = (1 + R(0)) ^-1
Cells(7, 6).Value = tasso sconto(0)
For i = 1 To 29
sigma = 0
For j = 0 To i - 1
sigma = sigma + (1 + R(j)) ^-(j + 1)
Next
If R(i - 1) <> 0 Then
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On Error GoTo fine
R(i) = -1 + ((1 + RSW(i)) / (1 - RSW(i) * sigma)) ^(1 / (i +
1))
End If
tasso sconto(i) = (1 + R(i)) ^(-i)
Cells(7 + i, 4).Value = R(i)
If R(i) <> 0 Then
Cells(7 + i, 6).Value = tasso sconto(i)
Cells(7 + i, 5).Value = sigma
End If
Next
fine:
End Sub
Private Sub CommandButton2 Click()
Range("d7: f36").Value = 0
End Sub
Spline interpolation
Function spline(periodcol As Range, ratecol As Range, x As Range)
Dim period count As Integer
Dim rate count As Integer
period count = periodcol.Rows.Count
rate count = ratecol.Rows.Count
If period count <> rate count Then
spline = "Error: Range count does not match"
GoTo endnow
End If
ReDim xin(period count) As Single
ReDim yin(period count) As Single
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Dim c As Integer
For c = 1 To period count
xin(c) = periodcol(c)
yin(c) = ratecol(c)
Next c
Dim n As Integer
Dim i, k As Integer
Dim p, qn, sig, un As Single
ReDim u(period count - 1) As Single
ReDim yt(period count) As Single
n = period count
yt(1) = 0
u(1) = 0
For i = 2 To n - 1
sig = (xin(i) - xin(i - 1)) / (xin(i + 1) - xin(i - 1))
p = sig * yt(i - 1) + 2
yt(i) = (sig - 1) / p
u(i) = (yin(i + 1) - yin(i)) / (xin(i + 1) - xin(i)) - (yin(i)
- yin(i - 1)) / (xin(i) - xin(i - 1))
u(i) = (6 * u(i) / (xin(i + 1) - xin(i - 1)) - sig * u(i - 1))
/ p
Next i
qn = 0
un = 0
yt(n) = (un - qn * u(n - 1)) / (qn * yt(n - 1) + 1)
For k = n - 1 To 1 Step -1
yt(k) = yt(k) * yt(k + 1) + u(k)
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Next k
Dim klo, khi As Integer
Dim h, b, a As Single
klo = 1
khi = n
Do
k = khi - klo
If xin(k) > x Then
khi = k
Else
klo = k
End If
k = khi - klo
Loop While k > 1
h = xin(khi) - xin(klo)
a = (xin(khi) - x) / h
b = (x - xin(klo)) / h
y = a * yin(klo) + b * yin(khi) + ((a ^3 - a) * yt(klo) + (b
^3 - b) * yt(khi)) * (h ^2) / 6
spline = y
endnow:
End Function
Part II
Floor Pricing
Sub Pricing()
Application.ScreenUpdating = False
Sheets("Struttura Coperture").Select
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Dim Rendimento, Orizzonte, premio, deflator, Costofinale, aus,
capitale As Double
Range(Cells(2, 4), Cells(3, 4).End(xlToRight)).Select
Selection.ClearContents
Rendimento = Cells(5, 2) / 100
Orizzonte = Cells(6, 2) + 1
premio = Cells(7, 2)
Sheets("Selezionatore").Select
Costofinale = 0
capitale = 0
For j = 2 To Orizzonte
Sheets("Selezionatore").Select
accumulatore = 0
For i = 1 To 1000
aus = Application.WorksheetFunction.Max(Rendimento - Cells(i
+ 1, 3 + j + 1), 0)
Sheets("Deflator").Select
deflator = Cells(i + 1, 3 + j + 1)
aus = aus * deflator
Sheets("Selezionatore").Select
accumulatore = accumulatore + aus
aus = 0
Next i
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Sheets("Struttura Coperture").Select
Cells(2, 3 + j) = (accumulatore / 1000)
capitale = capitale * (1 + Rendimento)
capitale = capitale + premio
Cells(3, 3 + j) = (accumulatore / 1000) * capitale
Cells(2, 4) = "ND"
Cells(3, 4) = "ND"
Costofinale = Costofinale + Cells(3, 3 + j)
Next j
Sheets("Struttura Coperture").Select
Cells(8, 2) = Costofinale
Application.ScreenUpdating = True
End Sub
Bond pricing
Function ImpliedCoupon(simulation As Integer)
’Compute the ImpliedCoupon for each simulation
Application.ScreenUpdating = False
Dim SpotRates As Double
Dim DiscountFactors As Double
Dim SumDiscountFactors As Double
Dim LastDiscountFactors As Double
Dim Life As Integer
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SumDiscountFactors = 0
FaceValue = Worksheets("b pricing").Cells(7, 3)
For i = (simulation - 1) * 10 + 1 To (simulation - 1) * 10 +
10
SpotRates = Worksheets("data").Cells(i + 1, 3) / 100
Life = Worksheets("data").Cells(i + 1, 2)
DiscountFactors = (1 / ((1 + SpotRates) ^Life))
SumDiscountFactors = SumDiscountFactors + DiscountFactors
LastDiscountFactors = DiscountFactors
Next
ImpliedCoupon = (1 - LastDiscountFactors) / SumDiscountFactors
End Function
Function RiskFreePrice(simulation As Integer, period As Integer)
’Compute the RiskFreePrice for each simulation
Dim SpotRates As Double
Dim FaceValue As Single
Dim DiscountFactors As Double
Dim SumDiscountFactors As Double
Dim LastDiscountFactors As Double
Dim Life As Integer
Dim ImpliedCoupon As Double
FaceValue = Worksheets("b pricing").Cells(9, 3)
ImpliedCoupon = Worksheets("b pricing").Cells(7, 3) * FaceValue
SumDiscountFactors = 0
For i = 10 * simulation - 9 To 10 * simulation - period
SpotRates = Worksheets("data").Cells(i + 1, 3 + period) / 100
Life = Worksheets("data").Cells(i + 1, 2)
DiscountFactors = (1 / ((1 + SpotRates) ^Life))
SumDiscountFactors = SumDiscountFactors + DiscountFactors
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LastDiscountFactors = DiscountFactors
Next
If period < 10 Then
RiskFreePrice = ImpliedCoupon * SumDiscountFactors + LastDiscountFactors
* FaceValue
Else
RiskFreePrice = FaceValue + ImpliedCoupon
End If
Application.ScreenUpdating = True
End Function
Bond option pricing
Sub Bond option()
Application.ScreenUpdating = False
Sheets("Bond option pricing").Select
Dim Rendimento, Orizzonte, premio, costofinale, aus,
lapses, deflator, CashIndex, ImpliedCoupon, accumulatore As Double
Dim Sommacoupon(1000) As Double
Dim int AnnoIdx As Integer
Dim int SIMIdx As Integer
Range(Cells(2, 4), Cells(3, 4).End(xlToRight)).Select
Selection.ClearContents
Rendimento = Cells(5, 2) / 100
Orizzonte = Cells(6, 2) + 1
premio = Cells(7, 2)
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ImpliedCoupon = Cells(8, 2)
CashIndex = Cells(9, 2) / 100
Sheets("Bond risk free price").Select
costofinale = 0
For int SIMIdx = 1 To 1000
Sommacoupon(int SIMIdx) = 0
Next int SIMIdx
For int AnnoIdx = 2 To Orizzonte
Sheets("Bond risk free price").Select
accumulatore = 0
For int SIMIdx = 1 To 1000
Sommacoupon(int SIMIdx) = Sommacoupon(int SIMIdx) + ImpliedCoupon
* (1 + CashIndex) ^(int AnnoIdx - 2)
aus = Application.WorksheetFunction.Max(premio * (1 + Rendimento)
^(int AnnoIdx - 1)
- (Cells(int SIMIdx + 1, 3 + int AnnoIdx + 1) + Sommacoupon(int SIMIdx)),
0)
Sheets("Deflator").Select
deflator = Cells(int SIMIdx + 1, 3 + int AnnoIdx + 1)
aus = aus * deflator
Sheets("Bond risk free price").Select
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accumulatore = accumulatore + aus
aus = 0
ActiveWorkbook.Sheets("InterResults").Cells(int SIMIdx, int AnnoIdx).Value
= accumulatore / int SIMIdx
Next int SIMIdx
Sheets("Bond option pricing").Select
lapses = Cells(6, 3 + int AnnoIdx)
Cells(2, 4) = "NA"
Cells(3, 4) = "NA"
Cells(2, 3 + int AnnoIdx) = (accumulatore / 1000)
Cells(3, 3 + int AnnoIdx) = (accumulatore / 1000) * lapses
costofinale = costofinale + Cells(3, 3 + int AnnoIdx)
Next int AnnoIdx
Sheets("Bond option pricing").Select
Cells(10, 2) = costofinale
Application.ScreenUpdating = True
End Sub
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Chapter 11
Appendix B: Collar Pricing
Figure 11.1: Bootstrapping of the spot structure via swaps
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Figure 11.2: Cap Pricing
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Figure 11.3: Floor Pricing
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Chapter 12
Appendix C: Stochastic
scenarios
Figure 12.1: Stochastic and deterministic rates comparison for the scenario
YE 2012
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Figure 12.2: Volatility surface stocastic scenario YE 2012
Figure 12.3: Volatility surface stocastic scenario HY 2013
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Chapter 13
Appendix D: Screenshots
from Excel
Figure 13.1: Floor Pricing
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Figure 13.2: Bond Option Pricing
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